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Abstract
The anholonomic frame method is generalized for non–Riemannian gravity models
defined by string corrections to the general relativity and metric–affine gravity (MAG)
theories. Such spacetime configurations are modeled as metric–affine spaces provided
with generic off–diagonal metrics (which can not be diagonalized by coordinate trans-
forms) and anholonomic frames with associated nonlinear connection (N–connection)
structure. We investigate the field equations of MAG and string gravity with mixed
holonomic and anholonomic variables. There are proved the main theorems on irre-
ducible reduction to effective Einstein–Proca equations with respect to anholonomic
frames adapted to N–connections. String corrections induced by the antisymmetric
H–fields are considered. There are also proved the theorems and criteria stating a
new method of constructing exact solutions with generic off–diagonal metric ansatz
depending on 3-5 variables and describing various type of locally anisotropic grav-
itational configurations with torsion, nonmetricity and/or generalized Finsler–affine
effective geometry. We analyze solutions, generated in string gravity, when general-
ized Finsler–affine metrics, torsion and nonmetricity interact with three dimensional
solitons.
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1 Introduction
Nowadays, there exists an interest to non–Riemannian descriptions of gravity interactions
derived in the low energy string theory [1] and/or certain noncommutative [2] and quantum
group generalizations [3] of gravity and field theory. Such effective models can be expressed
in terms of geometries with torsion and nonmetricity in the framework of metric–affine
gravity (MAG) [4] and a subclass of such theories can be expressed as an effective Einstein–
Proca gravity derived via irreducible decompositions [5].
In a recent work [6] we developed a unified scheme to the geometry of anholonomic
frames with associated nonlinear connection (N–connection) structure for a large number of
gauge and gravity models with locally isotropic and anisotropic interactions and nontrivial
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torsion and nonmetricity contributions and effective generalized Finsler–Weyl–Riemann–
Cartan geometries derived from MAG. The synthesis of metric–affine and Finsler like the-
ories was inspired by a number of exact solutions parametrized by generic off–diagonal
metrics and anholonomic frames in Einstein, Einstein–Cartan, gauge and string gravity
[7, 8]. The resulting formalism admits inclusion of locally anisotropic spinor interactions
and extensions to noncommutative geometry and string/brane gravity [9, 10]. We con-
cluded that the geometry of metric–affine spaces enabled with an additional N–connection
structure is sufficient not only to model the bulk of physically important non–Riemannian
geometries on (pseudo) Riemannian spaces but also states the conditions when such ef-
fective spaces with generic anisotropy can be defined as certain generalized Finsler–affine
geometric configurations constructed as exact solutions of field equations. It was elaborated
a detailed classification of such spacetimes provided with N–connection structure.
If in the Ref. [6] we paid attention to the geometrical (pre–dynamical) aspects of the
generalized Finsler–affine configurations derived in MAG, the aim of this paper (the second
partner) is to formulate a variatonal formalism of deriving field equations on metric–affine
spaces provided with N–connection structure and to state the main theorems for construct-
ing exact off–diagonal solutions in such generalized non–Riemannian gravity theories. We
emphasize that generalized Finsler metrics can be generated in string gravity connected to
anholonomic metric–affine configurations. In particular, we investigate how the so–called
Obukhov’s equivalence theorem [5] should be modified as to include various type of Finsler–
Lagrange–Hamilton–Cartan metrics, see Refs. [11, 12, 13]. The results of this paper consist
a theoretical background for constructing exact solutions in MAG and string gravity in the
third partner paper [14] derived as exact solutions of gravitational and matter field equations
parametrized by generic off–diagonal metrics (which can not be diagonalized by local coor-
dinate transforms) and anholonomic frames with associated N–connection structure. Such
solutions depending on 3-5 variables (generalizing to MAG the results from [7, 8, 9, 10, 15])
differ substantially from those elaborated in Refs. [16]; they define certain extensions to
nontrivial torsion and nonmetricity fields of certain generic off–diagonal metrics in general
relativity theory.
The plan of the paper is as follows: In Sec. 2 we outline the necessary results on
Finsler–affine geometry. Next, in Sec. 3, we formulate the field equations on metric–affine
spaces provided with N–connection structure. We consider Lagrangians and derive geo-
metrically the field equations of Finsler–affine gravity. We prove the main theorems for
the Einstein–Proca systems distinguished by N–connection structure and analyze possible
string gravity corrections by H–fields from the bosonic string theory. There are defined the
restrictions on N–connection structures resulting in Einstein–Cartan and Einstein gravity.
Section 4 is devoted to extension of the anholonomic frame method in MAG and string
gravity. We formulate and prove the main theorems stating the possibility of constructing
exact solutions parametrized by generic off–diagonal metrics, nontrivial torsion and non-
metricity structures and possible sources of matter fields. In Sec. 5 we construct three
classes of exact solutions. The first class of solutions is stated for five subclasses of two
dimensional generalized Finsler geometries modeled in MAG with possible string correc-
tions. The second class of solutions is for MAG with effective variable and inhomogeneous
cosmological constant. The third class of solutions are for the string Finsler–affine gravity
(i. e. string gravity containing in certain limits Finsler like metrics) with possible nonlinear
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three dimensional solitonic interactions, Proca fields with almost vanishing masses, non-
trivial torsions and nonmetricity. In Sec. 6 we present the final remarks. In Appendices
A, B and C we give respectively the details on the proof of the Theorem 4.1 (stating the
components of the Ricci tensor for generalized Finsler–affine spaces), analyze the reduction
of nonlinear solutions from five to four dimensions and present a short characterization of
five classes of generalized Finsler–affine spaces.
Our basic notations and conventions are those from Ref. [6] and contain an interference
of approaches elaborated in MAG and generalized Finsler geometry. The spacetime is
considered to be a manifold V n+m of necessary smoothly class of dimension n + m. The
Greeck indices α, β, ... split into subclasses like α = (i, a) , β = (j, b) ... where the Latin
indices i, j, k, ... run values 1, 2, ...n and a, b, c, ... run values n+1, n+2, ..., n+m.We follow
the Penrose convention on abstract indices [17] and use underlined indices like α = (i, a) ,
for decompositions with respect to coordinate frames. The symbol ” +” will be used is
some formulas will be introduced by definition and the end of proofs will be stated by
symbol . The notations for connections Γαβγ , metrics gαβ and frames eα and coframes ϑ
β,
or another geometrical and physical objects, are the standard ones from MAG if a nonlinear
connection (N–connection) structure is not emphasized on the spacetime. If a N–connection
and corresponding anholonomic frame structure are prescribed, we use ”boldfaced” symbols
with possible splitting of the objects and indices like Vn+m, Γαβγ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
,
gαβ = (gij , hab) , eα = (ei, ea) , ...being distinguished by N–connection (in brief, there are
used the terms d–objects, d–tensor, d–connection).
2 Metric–Affine and Generalized Finsler Gravity
In this section we recall some basic facts on metric–affine spaces provided with nonlinear
connection (N–connection) structure and generalized Finsler–affine geometry [6].
The spacetime is modeled as a manifold V n+m of dimension n + m, with n ≥ 2 and
m ≥ 1, admitting (co) vector/ tangent structures. It is denoted by πT : TV n+m → TV n
the differential of the map π : V n+m → V n defined as a fiber–preserving morphism of
the tangent bundle (TV n+m, τE , V
n) to V n+m and of tangent bundle (TV n, τ, V n) . We
consider also the kernel of the morphism πT as a vector subbundle of the vector bundle
(TV n+m, τE, V
n+m) . The kernel defines the vertical subbundle over V n+m, s denoted as
(vV n+m, τV , V
n+m) . We parametrize the local coordinates of a point u ∈ V n+m as uα =
(xi, ya) , where the values of indices are i, j, k, ... = 1, 2, ..., n and a, b, c, ... = n + 1, n +
2, ..., n+m. The inclusion mapping is written as i : vV n+m → TV n+m.
A nonlinear connection (N–connection) N in a space (V n+m, π, V n) is a morphism of
manifolds N : TV n+m → vV n+m defined by the splitting on the left of the exact sequence
0→ vV n+m → TV n+m/vV n+m → 0. (1)
The kernel of the morphismN is a subbundle of (TV n+m, τE , V
n+m) , called the horizon-
tal subspace and denoted by (hV n+m, τH , V
n+m) . Every tangent bundle (TV n+m, τE , V
n+m)
provided with a N–connection structure is a Whitney sum of the vertical and horizontal
subspaces (in brief, h- and v– subspaces), i. e.
TV n+m = hV n+m ⊕ vV n+m. (2)
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We note that the exact sequence (1) defines the N–connection in a global coordinate free
form resulting in invariant splitting (2) (see details in Refs. [18, 12] stated for vector and
tangent bundles and generalizations on covector bundles, superspaces and noncommutative
spaces [13] and [9]).
A N–connection structure prescribes a class of vielbein transforms
A αα (u) = e
α
α =
[
e ii (u) N
b
i (u)e
a
b (u)
0 e aa (u)
]
, (3)
Aββ(u) = e
β
β =
[
ei i(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
, (4)
in particular case e
i
i = δ
i
i and e
a
a = δ
a
a with δ
i
i and δ
a
a being the Kronecker symbols, defining
a global splitting of Vn+m into ”horizontal” and ”vertical” subspaces with the N–vielbein
structure
eα = e
α
α ∂α and ϑ
β = eββdu
β.
We adopt the convention that for the spaces provided with N–connection structure the
geometrical objects can be denoted by ”boldfaced” symbols if it would be necessary to
distinguish such objects from similar ones for spaces without N–connection.
A N–connection N in a space Vn+m is parametrized by its components Nai (u) =
Nai (x, y),
N = Nai (u)d
i ⊗ ∂a
and characterized by the N–connection curvature
Ω =
1
2
Ωaijd
i ∧ dj ⊗ ∂a,
with N–connection curvature coefficients
Ωaij = δ[jN
a
i] =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (5)
On spaces provided with N–connection structure, we have to use ’N–elongated’ opera-
tors like δj in (5) instead of usual partial derivatives. They are defined by the vielbein
configuration induced by the N–connection, the N–elongated partial derivatives (in brief,
N–derivatives)
eα + δα = (δi, ∂a) ≡
δ
δuα
=
(
δ
δxi
= ∂i −N
a
i (u) ∂a,
∂
∂ya
)
(6)
and the N–elongated differentials (in brief, N–differentials)
ϑβ + δ β =
(
di, δa
)
≡ δuα =
(
δxi = dxi, δya = dya +Nai (u) dx
i
)
(7)
called also, respectively, the N–frame and N–coframe. There are used both type of deno-
tations eα + δα and ϑ
β + δ α in order to preserve a connection to denotations from Refs.
[12, 7, 8, 9]. The ’boldfaced’ symbols eα and ϑ
β will be considered in order to empha-
size that they define N–adapted vielbeins but the symbols δα and δ
β will be used for the
N–elongated partial derivatives and, respectively, differentials.
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The N–coframe (7) satisfies the anholonomy relations
[δα, δβ] = δαδβ − δβδα = w
γ
αβ (u) δγ (8)
with nontrivial anholonomy coefficients wαβγ (u) computed as
waji = −w
a
ij = Ω
a
ij , w
b
ia = −w
b
ai = ∂aN
b
i . (9)
The distinguished objects (by a N–connection on a spaces Vn+m) are introduced in a
coordinate free form as geometric objects adapted to the splitting (2). In brief, they are
called d–objects, d–tensor, d–connections, d–metrics....
There is an important class of linear connections adapted to the N–connection structure:
A d–connection D on a space Vn+m is defined as a linear connection D conserving under
a parallelism the global decomposition (2).
The N–adapted components Γαβγ of a d-connection Dα = (δα⌋D) are defined by the
equations
Dαδβ = Γ
γ
αβδγ,
from which one immediately follows
Γ
γ
αβ (u) = (Dαδβ)⌋δ
γ. (10)
The operations of h- and v-covariant derivations, D
[h]
k = {L
i
jk, L
a
bk } and D
[v]
c = {C ijk, C
a
bc}
are introduced as corresponding h- and v–parametrizations of (10),
Lijk = (Dkδj)⌋d
i, Labk = (Dk∂b)⌋δ
a, C ijc = (Dcδj)⌋d
i, Cabc = (Dc∂b)⌋δ
a.
The components Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
completely define a d–connection D in Vn+m.
A metric structure g on a space Vn+m is defined as a symmetric covariant tensor field of
type (0, 2) , gαβ, being nondegenerate and of constant signature on V
n+m. A N–connection
N ={N bi (u)} and a metric structure g = gαβdu
α ⊗ duβ on Vn+m are mutually compatible
if there are satisfied the conditions
g (δi, ∂a) = 0, or equivalently, gia (u)−N
b
i (u)hab (u) = 0,
where hab + g (∂a, ∂b) and gia + g (∂i, ∂a) resulting in
N bi (u) = h
ab (u) gia (u)
(the matrix hab is inverse to hab; for simplicity, we do not underline the indices in the last
formula). In consequence, we define an invariant h–v–decomposition of metric (in brief, a
d–metric)
g(X, Y )=hg(X, Y ) + vg(X, Y ).
With respect to a N–coframe (7), the d–metric is written
g = gαβ (u) δ
α ⊗ δβ = gij (u) d
i ⊗ dj + hab (u) δ
a ⊗ δb, (11)
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where gij + g (δi, δj) . The d–metric (11) can be equivalently written in ”off–diagonal” with
respect to a coordinate basis defined by usual local differentials duα = (dxi, dya) ,
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (12)
A metric, for instance, parametrized in the form (12) is generic off–diagonal if it can
not be diagonalized by any coordinate transforms. The anholonomy coefficients (9) do not
vanish for the off–diagonal form (12) and the equivalent d–metric (11).
The nonmetricity d–field
Q = Qαβϑ
α ⊗ ϑβ = Qαβδ
α ⊗ δβ
on a space Vn+m provided with N–connection structure is defined by a d–tensor field with
the coefficients
Qαβ + −Dgαβ (13)
where the covariant derivative D is for a d–connection (10) Γγα = Γ
γ
αβϑ
β with Γγαβ =(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
.
A linear connection DX is compatible with a d–metric g if
DXg = 0, (14)
i. e. if Qαβ ≡ 0. In a space provided with N–connection structure, the metricity condition
(14) may split into a set of compatibility conditions on h- and v– subspaces,
D[h](hg) = 0, D[v](hg) = 0, D[h](vg) = 0, D[v](vg) = 0. (15)
For instance, if D[v](hg) = 0 and D[h](vg) = 0, but, in general, D[h](hg) 6= 0 and D[v](vg) 6=
0 we have a nontrivial nonmetricity d–fieldQαβ = Qγαβϑ
γ with irreducible h–v–components
Qγαβ = (Qijk, Qabc) .
In a metric–affine space, by acting on forms with a covariant derivative D, we can also
define another very important geometric objects (the ’gravitational field potentials’, the
torsion and, respectively, curvature; see [4]):
Tα + Dϑα = δϑα + Γγβ ∧ ϑ
β (16)
and
Rαβ + DΓ
α
β = δΓ
α
β − Γ
γ
β ∧ Γ
α
γ (17)
For spaces provided with N–connection structures, we consider the same formulas but for
”boldfaced” symbols and change the usual differential d into N-adapted operator δ.
A general affine (linear) connection D = ▽+ Z = {Γγβα = Γ
γ
▽βα + Z
γ
βα}
Γγα = Γ
γ
αβϑ
β , (18)
can always be decomposed into the Riemannian Γα▽ β and post–Riemannian Z
α
β parts [4, 5],
Γαβ = Γ
α
▽ β + Z
α
β. (19)
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The distorsion 1-form Zαβ from (19) is expressed in terms of torsion and nonmetricity,
Zαβ = eβ⌋Tα − eα⌋Tβ +
1
2
(eα⌋eβ⌋Tγ)ϑ
γ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ (20)
where Tα is defined as (16) and Qαβ + −Dgαβ. (We note that Z
α
β are Nαβ from Ref. [5],
but in our works we use the symbol N for N–connections .) For Qβγ = 0, we obtain from
(20) just the distorsion for the Riemannian–Cartan geometry [19].
By substituting arbitrary (co) frames, metrics and linear connections into N–adapted
ones,
eα → eα, ϑ
β → ϑβ , gαβ → gαβ = (gij , hab) ,Γ
γ
α → Γ
γ
α,
with Qαβ = Qγαβϑ
γ and Tα as in (16), into respective formulas (18), (19) and (20), we can
define an affine connection D = ▽+ Z = [Γγβα] with respect to N–adapted (co) frames,
Γγ α = Γ
γ
αβϑ
β , (21)
with
Γαβ = Γ
α
▽ β + Z
α
β, (22)
where
Γ▽γα =
1
2
[
eγ⌋ δϑα − eα⌋ δϑγ − (eγ⌋ eα⌋ δϑβ) ∧ ϑ
β
]
, (23)
and
Zαβ = eβ⌋Tα − eα⌋Tβ +
1
2
(eα⌋eβ⌋Tγ)ϑ
γ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ . (24)
The h– and v–components of Γαβ from (22) consists from the components of Γ
α
▽ β (consid-
ered for (23)) and of Zαβ with Z
α
γβ =
(
Z ijk, Z
a
bk, Z
i
jc, Z
a
bc
)
. We note that for Qαβ = 0, the
distorsion 1–form Zαβ defines a Riemann–Cartan geometry adapted to the N–connection
structure.
A distinguished metric–affine space Vn+m is defined as a usual metric–affine space
additionally enabled with a N–connection structure N = {Nai } inducing splitting into
respective irreducible horizontal and vertical subspaces of dimensions n and m. This space
is provided with independent d–metric (11) and affine d–connection (10) structures adapted
to the N–connection.
If a space Vn+m is provided with both N–connection N and d–metric g structures,
there is a unique linear symmetric and torsionless connection ▽, called the Levi–Civita
connection, being metric compatible such that ▽γgαβ = 0 for gαβ = (gij, hab) , see (11),
with the coefficients
Γ
▽
αβγ = g (δα,▽γδβ) = gατΓ
τ
▽βγ ,
computed as
Γ
▽
αβγ =
1
2
[
δβgαγ + δγgβα − δαgγβ + gατw
τ
γβ + gβτw
τ
αγ − gγτw
τ
βα
]
(25)
with respect to N–frames eβ + δβ (6) and N–coframes ϑ
α + δα (7).
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We note that the Levi–Civita connection is not adapted to the N–connection structure.
Se, we can not state its coefficients in an irreducible form for the h– and v–subspaces. There
is a type of d–connections which are similar to the Levi–Civita connection but satisfying
certain metricity conditions adapted to the N–connection. They are introduced as metric
d–connections D =
(
D[h], D[v]
)
in a space Vn+m satisfying the metricity conditions if and
only if
D
[h]
k gij = 0, D
[v]
a gij = 0, D
[h]
k hab = 0, D
[h]
a hab = 0. (26)
Let us consider an important example: The canonical d–connection D̂ =
(
D̂[h], D̂[v]
)
,
equivalently Γ̂γα = Γ̂
γ
αβϑ
β, is defined by the h– v–irreducible components Γ̂γαβ = (L̂
i
jk, L̂
a
bk,
Ĉ ijc, Ĉ
a
bc), where
L̂ijk =
1
2
gir
(
δgjk
δxk
+
δgkr
δxj
−
δgjk
δxr
)
, (27)
L̂abk =
∂Nak
∂yb
+
1
2
hac
(
δhbc
δxk
−
∂Ndk
∂yb
hdc −
∂Ndk
∂yc
hdb
)
,
Ĉ ijc =
1
2
gik
∂gjk
∂yc
,
Ĉabc =
1
2
had
(
∂hbd
∂yc
+
∂hcd
∂yb
−
∂hbc
∂yd
)
.
satisfying the torsionless conditions for the h–subspace and v–subspace, respectively, T̂ ijk =
T̂ abc = 0.
The components of the Levi–Civita connection Γτ▽βγ and the irreducible components of
the canonical d–connection Γ̂τβγ are related by formulas
Γτ▽βγ =
(
L̂ijk, L̂
a
bk −
∂Nak
∂yb
, Ĉ ijc +
1
2
gikΩajkhca, Ĉ
a
bc
)
, (28)
where Ωajk is the N–connection curvature (5).
We can define and calculate the irreducible components of torsion and curvature in a
space Vn+m provided with additional N–connection structure (these could be any metric–
affine spaces [4], or their particular, like Riemann–Cartan [19], cases with vanishing non-
metricity and/or torsion, or any (co) vector / tangent bundles like in Finsler geometry and
generalizations).
The torsion Tα.βγ = (T
i
.jk, T
i
ja, T
a
.ij, T
a
.bi, T
a
.bc) of a d–connection Γ
γ
αβ = (L
i
jk, L
a
bk, C
i
jc, C
a
bc)
(10) has irreducible h- v–components (d–torsions)
T i.jk = −T
i
kj = L
i
jk − L
i
kj, T
i
ja = −T
i
aj = C
i
.ja, T
a
.ji = −T
a
.ij =
δNai
δxj
−
δNaj
δxi
= Ωa.ji,
T a.bi = −T
a
.ib = P
a
.bi =
∂Nai
∂yb
− La.bj , T
a
.bc = −T
a
.cb = S
a
.bc = C
a
bc − C
a
cb. (29)
We note that on (pseudo) Riemanian spacetimes the d–torsions can be induced by
the N–connection coefficients and reflect an anholonomic frame structure. Such objects
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vanish when we transfer our considerations with respect to holonomic bases for a trivial
N–connection and zero ”vertical” dimension.
The curvature Rα.βγτ = (R
i
hjk, R
a
bjk, P
i
jka, P
c
bka, S
i
jbc, S
a
bcd) of a d–connection Γ
γ
αβ =
(Lijk, L
a
bk, C
i
jc, C
a
bc) (10) has irreducible h- v–components (d–curvatures)
Rihjk =
δLi.hj
δxk
−
δLi.hk
δxj
+ Lm.hjL
i
mk − L
m
.hkL
i
mj − C
i
.haΩ
a
.jk, (30)
Rabjk =
δLa.bj
δxk
−
δLa.bk
δxj
+ Lc.bjL
a
.ck − L
c
.bkL
a
.cj − C
a
.bc Ω
c
.jk,
P ijka =
∂Li.jk
∂yk
−
(
∂C i.ja
∂xk
+ Li.lkC
l
.ja − L
l
.jkC
i
.la − L
c
.akC
i
.jc
)
+ C i.jbP
b
.ka,
P cbka =
∂Lc.bk
∂ya
−
(
∂Cc.ba
∂xk
+ Lc.dkC
d
.ba − L
d
.bkC
c
.da − L
d
.akC
c
.bd
)
+ Cc.bdP
d
.ka,
Sijbc =
∂C i.jb
∂yc
−
∂C i.jc
∂yb
+ Ch.jbC
i
.hc − C
h
.jcC
i
hb,
Sabcd =
∂Ca.bc
∂yd
−
∂Ca.bd
∂yc
+ Ce.bcC
a
.ed − C
e
.bdC
a
.ec.
The components of the Ricci tensor
Rαβ = R
τ
αβτ
with respect to a locally adapted frame (6) has four irreducible h- v–components Rαβ =
(Rij , Ria, Rai, Sab), where
Rij = R
k
ijk, Ria = −
2Pia = −P
k
ika, (31)
Rai =
1Pai = P
b
aib, Sab = S
c
abc.
We point out that because, in general, 1Pai 6=
2Pia the Ricci d–tensor is non symmetric.
Having defined a d–metric of type (11) in Vn+m, we can introduce the scalar curvature
of a d–connection D,
←−
R = gαβRαβ = R + S, (32)
where R = gijRij and S = h
abSab and define the distinguished form of the Einstein tensor
(the Einstein d–tensor),
Gαβ + Rαβ −
1
2
gαβ
←−
R . (33)
The introduced geometrical objects are extremely useful in definition of field equations
of MAG and string gravity with nontrivial N–connection structure.
3 N–Connections and Field Equations
The field equations of metric–affine gravity (in brief, MAG) [4, 5] can be reformulated
with respect to frames and coframes consisting from mixed holonomic and anholonomic
components defined by the N–connection structure. In this case, various type of (pseudo)
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Riemannian, Riemann–Cartan and generalized Finsler metrics and additional torsion and
nonmetricity sructures with very general local anisotropy can be embedded into MAG. It
is known that in a metric–affine spacetime the curvature, torsion and nonmetricity have
correspondingly eleven, three and four irreducible pieces. If the N–connection is defined in
a metric–affine spacetime, every irreducible component of curvature splits additionally into
six h- and v– components (30), every irreducible component of torsion splits additionally
into five h- and v– components (29) and every irreducible component of nonmetricity splits
additionally into two h- and v– components (defined by splitting of metrics into block ansatz
(11)).
3.1 Lagrangians and field equations for Finsler–affine theories
For an arbitrary d–connection Γαβ in a metric–affine space V
n+m provided with N–connecti-
on structure (for simplicity, we can take n+m = 4) one holds the respective decompositions
for d–torsion and nonmetricity d–field,
(2)Tα +
1
3
ϑα ∧T, for T + eα⌋T
α, (34)
(3)Tα +
1
3
∗ (ϑα ∧P) , for P + ∗ (Tα ∧ ϑα) ,
(1)Tα + Tα −(2) Tα −(3) Tα
and
(2)Qαβ +
1
3
∗ (ϑα ∧ Sβ + ϑβ ∧ Sα) ,
(4)Qαβ + gαβQ,
(3)Qαβ +
2
9
[
(ϑαeβ + ϑβeα)⌋Λ−
1
2
gαβΛ
]
, (35)
(1)Qαβ + Qαβ −
(2)Qαβ −
(3)Qαβ −
(4)Qαβ,
where
Q +
1
4
gαβQαβ , Λ + ϑ
αeβ⌋
(
Qαβ −Qgαβ
)
,
Θα + ∗
[(
Qαβ −Qgαβ
)
∧ ϑβ
]
,
Sα + Θα −
1
3
eα⌋
(
ϑβ ∧Θβ
)
and the Hodge dual ”∗” is such that η + ∗1 is the volume 4–form and
ηα + eα⌋η = ∗ϑα, ηαβ + eα⌋ηβ= ∗ (ϑα ∧ ϑβ) , ηαβγ + eγ⌋ηαβ , ηαβγτ + eτ⌋ηαβγ
with ηαβγτ being totally antisymmetric. In higher dimensions, we have to consider η + ∗1
as the volume (n+m)–form. For N–adapted h- and v–constructions, we have to consider
couples of ’volume’ forms η +
(
η[g] = ∗[g]1, η[h] = ∗[h]1
)
defined correspondingly by gαβ =
(gij, hab) .
With respect to N–adapted (co) frames eβ = (δi, ∂a) (6) and ϑ
α = (di, δa) (7), the
irreducible decompositions (34) split into h- and v–components (A)Tα =
(
(A)Ti, (A)Ta
)
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for every A = 1, 2, 3, 4. Because, by definition, Qαβ + Dgαβ and gαβ = (gij, hab) is a
d–metric field, we conclude that in a similar form can be decomposed the nonmetricity,
Qαβ = (Qij , Qab) . The symmetrizations in formulas (35) hide splittings for
(1)Qαβ ,
(2)Qαβ
and (3)Qαβ . Nevertheless, the h– and v– decompositions can be derived separately on h–
and v–subspaces by distinguishing the interior product ⌋ =
(
⌋[h], ⌋[v]
)
as to have ηα =
(ηi = δi⌋η, ηa = ∂a⌋η)...and all formulas after decompositions with respect to N–adapted
frames (co resulting into a separate relations in h– and v–subspaces, when (A)Qαβ =(
(A)Qij ,
(A)Qab
)
for every A = 1, 2, 3, 4.
A generalized Finsler–affine theory is described by a Lagrangian
L = LGFA + Lmat,
where Lmat represents the Lagrangian of matter fields and
LGFA =
1
2κ
[−a0[Rh]R
ij ∧ ηij − a0[Rv]R
ab ∧ ηab − a0[Ph]P
ij ∧ ηij − a0[Pv]P
ab ∧ ηab
−a0[Sh]S
ij ∧ ηij − a0[Sv]S
ab ∧ ηab − 2λ[h]η[h] − 2λ[v]η[v] (36)
+Ti ∧ ∗[h]
 3∑
[A]=1
a[hA]
[A]Ti
+Ta ∧ ∗[v]
 3∑
[A]=1
a[vA]
[A]Ta

+2
 4∑
[I]=2
c[hI]
[I]Qij
 ∧ ϑi ∧ ∗[h] Tj + 2
 4∑
[I]=2
c[vI]
[I]Qab
 ∧ ϑa ∧ ∗[v]Tb
+Qij ∧
 4∑
[I]=1
b[hI]
[I]Qij
+Qab ∧
 4∑
[I]=1
b[vI]
[I]Qab

+b[h5]
(
[3]Qij ∧ ϑ
i
)
∧ ∗[h]
(
[4]Qkj ∧ ϑk
)
+ b[v5]
(
[3]Qij ∧ ϑ
i
)
∧ ∗[v]
(
[4]Qkj ∧ ϑk
)
]
−
1
2ρ[Rh]
Rij ∧ ∗[h]{
6∑
[I]=1
w[RhI] (
[I]Rij −
[I]Rji) + w[Rh7]ϑi ∧ [ek⌋
[h] ( [5]Rk j −
[5]R kj )]
+
5∑
[I]=1
z[RhI] (
[I]Rij +
[I]Rji) + z[Rh6]ϑk ∧ [ei⌋
[h] ( [2]Rk j −
[2]R kj )]
+
9∑
[I]=7
z[RhI]ϑi ∧ [ek⌋
[h] ( [I−4]Rk j −
[I−4]R kj )]}
−
1
2ρ[Rv]
Rab ∧ ∗[v]{
6∑
[I]=1
w[RvI] (
[I]Rab −
[I]Rba) + w[Rv7]ϑa ∧ [ec⌋
[v] ( [5]Ra b −
[5]R ab )]
+
5∑
[I]=1
z[RvI] (
[I]Rab +
[I]Rba) + z[Rv6]ϑc ∧ [ea⌋
[v] ( [2]Rc b −
[2]R cb )]
+
9∑
[I]=7
z[RvI]ϑa ∧ [ec⌋
[v] ( [I−4]Rc b −
[I−4]R cb )]}
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−
1
2ρ[Ph]
Pij ∧ ∗[h]{
6∑
[I]=1
w[PhI] (
[I]Pij −
[I]Pji) + w[Ph7]ϑi ∧ [ek⌋
[h] ( [5]Pk j −
[5]P kj )]
+
5∑
[I]=1
z[PhI] (
[I]Pij +
[I]Pji) + z[Ph6]ϑk ∧ [ei⌋
[h] ( [2]Pk j −
[2]P kj )]
+
9∑
[I]=7
z[PhI]ϑi ∧ [ek⌋
[h] ( [I−4]Pk j −
[I−4]P kj )]}−
1
2ρ[Pv]
Pab ∧ ∗[v]{
6∑
[I]=1
w[PvI] (
[I]Pab −
[I]Pba) + w[Pv7]ϑa ∧ [ec⌋
[v] ( [5]Pa b −
[5]P ab )]
+
5∑
[I]=1
z[PvI] (
[I]Pab +
[I]Pba) + z[Pv6]ϑc ∧ [ea⌋
[v] ( [2]Pc b −
[2]P cb )]
+
9∑
[I]=7
z[PvI]ϑa ∧ [ec⌋
[v] ( [I−4]Pc b −
[I−4]P cb )]}
−
1
2ρ[Sh]
Sij ∧ ∗[h]{
6∑
[I]=1
w[ShI] (
[I]Sij −
[I]Sji) + w[Sh7]ϑi ∧ [ek⌋
[h] ( [5]Sk j −
[5]S kj )]
+
5∑
[I]=1
z[ShI] (
[I]Sij +
[I]Sji) + z[Sh6]ϑk ∧ [ei⌋
[h] ( [2]Sk j −
[2]S kj )]
+
9∑
[I]=7
z[ShI]ϑi ∧ [ek⌋
[h] ( [I−4]Sk j −
[I−4]S kj )]}−
1
2ρ[Sv]
Sab ∧ ∗[v]{
6∑
[I]=1
w[SvI] (
[I]Sab −
[I]Sba) + w[Sv7]ϑa ∧ [ec⌋
[v] ( [5]Sa b −
[5]S ab )]
+
5∑
[I]=1
z[SvI] (
[I]Sab +
[I]Sba) + z[Sv6]ϑc ∧ [ea⌋
[v] ( [2]Sc b −
[2]S cb )]
+
9∑
[I]=7
z[SvI]ϑa ∧ [ec⌋
[v] ( [I−4]Sc b −
[I−4]S cb )]}.
Let us explain the denotations used in (36): The signature is adapted in the form (−+++)
and there are considered two Hodge duals, ∗[h]for h–subspace and ∗[v]for v–subspace, and re-
spectively two cosmological constants, λ[h] and λ[v]. The strong gravity coupling constants
ρ[Rh], ρ[Rv], ρ[Ph], ...., the constants a0[Rh], a0[Rv], a0[Ph], ..., a[hA], a[vA], ... c[hI], c[vI], ... are di-
mensionless and provided with labels [R], [P ], [h], [v], emphasizing that the constants are
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related, for instance, to respective invariants of curvature, torsion, nonmetricity and their
h- and v–decompositions.
The action (36) describes all possible models of Einstein, Einstein–Cartan and all type of
Finsler–Lagrange–Cartan–Hamilton gravities which can be modeled on metric affine spaces
provided with N–connection structure (i. e. with generic off–diagonal metrics) and derived
from quadratic MAG–type Lagrangians.
We can reduce the number of constants in LGFA → L
′
GFA if we select the limit resulting
in the usual quadratic MAG–Lagrangian [4] for trivial N–connection structure. In this
case, all constants for h– and v– decompositions coincide with those from MAG without
N–connection structure, for instance,
a0 = a0[Rh] = a0[Rv] = a0[Ph] = ..., a[A] = a[hA] = a[vA] = ..., ..., c[I] = c[hI] = c[vI], ...
The Lagrangian (36) can be reduced to a more simple one written in terms of boldfaced
symbols (emphasizing a nontrivial N–connection structure) provided with Greek indices,
L′GFA =
1
2κ
[−a0R
αβ ∧ ηαβ − 2λη +T
i ∧ ∗
 3∑
[A]=1
a[A]
[A]Ti

+2
 4∑
[I]=2
c[I]
[I]Qαβ
 ∧ ϑα ∧ ∗ Tβ +Qαβ ∧
 4∑
[I]=1
b[I]
[I]Qαβ
 (37)
+Qαβ ∧
 4∑
[I]=1
b[I]
[I]Qαβ
+ b[5] ([3]Qαβ ∧ ϑα) ∧ ∗ ([4]Qγβ ∧ ϑγ)]
−
1
2ρ
Rαβ ∧ ∗[
6∑
[I]=1
w[I]
[I]Wαβ + w[7]ϑα ∧
(
eγ⌋
[5]W
γ
β
)
+
5∑
[I]=1
z[I]
[I]Yαβ + z[6]ϑγ ∧
(
eα⌋
[2]Y
γ
β
)
+
9∑
[I]=7
z[I]ϑα ∧ (eγ⌋
[I−4]Y
γ
β)].
where [I]Wαβ =
[I]Rαβ −
[I]Rβα and
[I]Yαβ =
[I]Rαβ +
[I]Rβα. This action is just for the
MAG quadratic theory but with eα and ϑ
β being adapted to the N–connection structure
as in (6) and (7) with a corresponding splitting of geometrical objects.
The field equations of a metric–affine space provided with N–connection structure,
Vn+m =
[
Nai , gαβ = (gij, hab) ,Γ
γ
αβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)]
, can be obtained by the Noether
procedure in its turn being N–adapted to (co) frames eα and ϑ
β . At the first step, we
parametrize the generalized Finsler–affine Lagrangian and matter Lagrangian respectively
as
L′GFA = L[fa]
(
Nai , gαβ, ϑ
γ ,Qαβ,T
α, Rαβ
)
and
Lmat = L[m] (N
a
i , gαβ, ϑ
γ ,Ψ,DΨ) ,
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where Tα and Rαβ are the curvature of arbitrary d–connection D and Ψ represents the
matter fields as a p–form. The action S on Vn+m is written
S =
∫
δn+mu
√
|gαβ |
[
L[fa] + L[m]
]
(38)
which results in the matter and gravitational (generalized Finsler–affine type) field equa-
tions.
Theorem 3.1. The Yang–Mills type field equations of the generalized Finsler–affine gravity
with matter derived by a variational procedure adapted to the N–connection structure are
defined by the system
D
(
∂L[m]
∂ (DΨ)
)
− (−1)p
∂L[m]
∂Ψ
= 0, (39)
D
(
∂L[fa]
∂Qαβ
)
+ 2
∂L[fa]
∂gαβ
= −σαβ ,
D
(
∂L[fa]
∂Tα
)
+ 2
∂L[fa]
∂ϑα
= −Σα,
D
(
∂L[fa]
∂Rαβ
)
+ ϑβ ∧
∂L[fa]
∂Tα
= −∆ βα ,
where the material currents are defined
σαβ + 2
δL[m]
δgαβ
, Σα +
δL[m]
δϑα
, ∆ βα =
δL[m]
δΓαβ
for variations ”boldfaced” δL[m]/δ computed with respect to N–adapted (co) frames.
The proof of this theorem consists from N–adapted variational calculus. The equations
(39) transforms correspondingly into ”MATTER, ZEROTH, FIRST, SECOND” equations
of MAG [4] for trivial N–connection structures.
Corollary 3.1. The system (39) has respectively the h– and v–irreducible components
D[h]
(
∂L[m]
∂ (D[h]Ψ)
)
+D[v]
(
∂L[m]
∂ (D[v]Ψ)
)
− (−1)p
∂L[m]
∂Ψ
= 0,
D[h]
(
∂L[fa]
∂Qij
)
+D[v]
(
∂L[fa]
∂Qij
)
+ 2
∂L[fa]
∂gij
= −σij , (40)
D[h]
(
∂L[fa]
∂Qab
)
+D[v]
(
∂L[fa]
∂Qab
)
+ 2
∂L[fa]
∂gab
= −σab,
D[h]
(
∂L[fa]
∂T i
)
+D[v]
(
∂L[fa]
∂T i
)
+ 2
∂L[fa]
∂ϑi
= −Σi,
D[h]
(
∂L[fa]
∂T a
)
+D[v]
(
∂L[fa]
∂T a
)
+ 2
∂L[fa]
∂ϑa
= −Σa,
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D[h]
(
∂L[fa]
∂Ri j
)
+D[v]
(
∂L[fa]
∂Ri j
)
+ ϑj ∧
∂L[fa]
∂T i
= −∆ ji ,
D[h]
(
∂L[fa]
∂Rab
)
+D[v]
(
∂L[fa]
∂Rab
)
+ ϑb ∧
∂L[fa]
∂T a
= −∆ ba ,
where
σαβ =
(
σij , σab
)
for σij + 2
δL[m]
δgij
, σab + 2
δL[m]
δhab
,
Σα = (Σi,Σa) for Σi +
δL[m]
δϑi
, Σa +
δL[m]
δϑa
,
∆ βα =
(
∆ ji ,∆
b
a
)
for ∆ ji =
δL[m]
δΓi j
, ∆ ba =
δL[m]
δΓab
.
It should be noted that the complete h– v–decomposition of the system (40) can be
obtained if we represent the d–connection and curvature forms as
Γi j = L
i
jkdx
j + C ijaδy
a and Γab = L
a
bkdx
k + Cabc δy
c,
see the d–connection components (10) and
2Ri j = R
i
jkldx
k ∧ dxl + P ijkadx
k ∧ δya + Sijbaδy
b ∧ δya,
2Ref = R
e
fkldx
k ∧ dxl + P efkadx
k ∧ δya + Sefbaδy
a ∧ δya,
see the d–curvature components (30).
Remark 3.1. For instance, a Finsler configuration can be modeled on a metric affine space
provided with N–connection structure, Vn+m =
[
Nai , gαβ = (gij, hab) ,
[F ]Γ̂
γ
αβ
]
, if n = m,
the ansatz for N–connection is of Cartan–Finsler type
Naj →
[F ]N ij =
1
8
∂
∂yj
[
ylykgih[F ]
(
∂g
[F ]
hk
∂xl
+
∂g
[F ]
lh
∂xk
−
∂g
[F ]
lk
∂xh
)]
,
the d–metric gαβ = g
[F ]
αβ is defined by (11) with
g
[F ]
ij = gij = hij =
1
2
∂2F/∂yi∂yj
and [F ]Γ̂γαβ is the Finsler canonical d–connection computed as (27). The data should define
an exact solution of the system of field equation (40) (equivalently of (39)).
Similar Remarks hold true for all types of generalized Finsler–affine spaces considered
in Tables 1–11 from Ref. [6]. We shall analyze the possibility of modeling various type of
locally anisotropic geometries by the Einstein–Proca systems and in string gravity in next
subsection.
16
3.2 Effective Einstein–Proca systems and N–connections
Any affine connection can always be decomposed into (pseudo) Riemannian, Γα▽ β, and
post–Riemannian, Zαβ , parts as Γ
α
β = Γ
α
▽ β+Z
α
β, see formulas (19) and (20) (or (22) and
(24) if any N–connection structure is prescribed). This mean that it is possible to split all
quantities of a metric–affine theory into (pseudo) Riemannian and post–Riemannian pieces,
for instance,
Rαβ = R
α
▽ β +▽Z
α
β + Z
α
γ ∧ Z
γ
β. (41)
Under certain assumptions one holds the Obukhov’s equivalence theorem according to which
the field vacuum metric–affine gravity equations are equivalent to Einstein’s equations with
an energy–momentum tensor determined by a Proca field [5, 20]. We can generalize the
constructions and reformulate the equivalence theorem for generalized Finsler–affine spaces
and effective spaces provided with N–connection structure.
Theorem 3.2. The system of effective field equations of MAG on spaces provided with
N–connection structure (39) (equivalently, (40)) for certain ansatz for torsion and non-
metricity fields (see (34) and (35))
(1)Tα = (2)Tα = 0, (1)Qαβ =
(2)Qαβ = 0, (42)
Q = k0φ, Λ =k1φ, T =k2φ,
where k0, k1, k2 = const and the Proca 1–form is φ =φαϑ
α = φidx
i + φaδy
a, reduces to the
Einstein–Proca system of equations for the canonical d–connection Γ̂γαβ (27) and massive
d–field φα,
a0
2
ηαβγ ∧ R̂
βγ = k Σα,
δ (∗H) + µ2φ= 0, (43)
where H +δφ, the mass µ = const and the energy–momentum is given by
Σα = Σ
[φ]
α +Σ
[m]
α ,
Σ[φ]α +
z4k
2
0
2ρ
{(eα⌋ H) ∧ ∗H− (eα⌋ ∗H) ∧H+µ
2[(eα⌋ φ) ∧ ∗φ− (eα⌋ ∗ φ) ∧ φ]}
is the energy–momentum current of the Proca d–field and Σ
[µ]
α is the energy–momentum
current of the additional matter d–fields satisfying the corresponding Euler–Largange equa-
tions.
The proof of the Theorem is just the reformulation with respect to N–adapted (co)
frames (6) and (7) of similar considerations in Refs. [5, 20]. The constants k0, k1.... are
taken in terms of the gravitational coupling constants like in [21] as to have connection to the
usual MAG and Einstein theory for trivial N–connection structures and for the dimension
m → 0. We use the triplet ansatz sector (42) of MAG theories [5, 20]. It is a remarkable
fact that the equivalence Theorem 3.2 holds also in presence of arbitrary N–connections i.
e. for all type of anholonomic generalizations of the Einstein, Einstein–Cartan and Finsler–
Lagrange and Cartan–Hamilton geometries by introducing canonical d–connections (we can
also consider Berwald type d–connections).
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Corollary 3.2. In abstract index form, the effective field equations for the generalized
Finsler–affine gravity following from (43) are written
R̂αβ −
1
2
gαβ
←−
Rˆ = κ˜
(
Σ
[φ]
αβ +Σ
[m]
αβ
)
, (44)
D̂νH
νµ = µ2φµ,
with Hνµ + D̂νφµ − D̂µφν + w
γ
µνφγ being the field strengths of the Abelian Proca field
φµ, κ˜ = const, and
Σ
[φ]
αβ = H
µ
α Hβµ −
1
4
gαβHµνH
µν + µ2φαφβ −
µ2
2
gαβφµφ
µ. (45)
The Ricci d–tensor R̂αβ and scalar
←−
Rˆ from (44) can be decomposed in irreversible h–
and v–invariant components like (31) and (32),
R̂ij −
1
2
gij
(
R̂ + Ŝ
)
= κ˜
(
Σ
[φ]
ij +Σ
[m]
ij
)
, (46)
Ŝab −
1
2
hab
(
R̂ + Ŝ
)
= κ˜
(
Σ
[φ]
ab +Σ
[m]
ab
)
, (47)
1Pai = κ˜
(
Σ
[φ]
ai +Σ
[m]
ai
)
, (48)
−2Pia = κ˜
(
Σ
[φ]
ia +Σ
[m]
ia
)
. (49)
The constants are those from [5] being related to the constants from (37),
µ2 =
1
zkκ
(
−4β4 +
k1
2k0
β5 +
k2
k0
γ4
)
,
where
k0 = 4α2β3 − 3(γ3)
2 6= 0, k1 = 9
(
1
2
α5β5 − γ3γ4
)
, k2 = 3
(
4β3γ4 −
3
2
β5γ3
)
,
α2 = a2 − 2a0, β3 = b3 +
a0
8
, β4 = b4 −
3a0
8
, γ3 = c3 + a0, γ4 = c4 + a0.
If
β4 →
1
4k0
(
1
2
β5k1 + k2γ4
)
, (50)
the mass of Proca field µ2 → 0. The system becomes like the Einstein–Maxwell one with the
source (45) defined by the antisymmetric fieldHµν in its turn being determined by a solution
of D̂νD̂
νφα = 0 (a wave like equation in a curved space provided with N–connection). Even
in this case the nonmetricity and torsion can be nontrivial, for instance, oscillating (see
(42)).
We note that according the Remark 3.1, the system (44) defines, for instance, a Finsler
configuration if the d–metric gαβ, the d–connection D̂ν and the N–connection are of Finsler
type (or contains as imbeddings such objects).
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3.3 Einstein–Cartan gravity and N–connections
The Einstein–Cartan gravity contains gravitational configurations with nontrivial N–con-
nection structure. The simplest model with local anisotropy is to write on a space Vn+m
the Einstein equations for the canonical d–connection Γ̂γαβ (27) introduced in the Einstein
d–tensor (33),
R̂αβ −
1
2
gαβ
←−
Rˆ = κΣ
[m]
αβ ,
or in terms of differential forms,
ηαβγ ∧ R̂
βγ = κΣ[m]α (51)
which is a particular case of equations (43). The model contains nontrivial d–torsions, T̂γαβ,
computed by introducing the components of (27) into formulas (29). We can consider
that specific distributions of ”spin dust/fluid” of Weyssenhoff and Raabe type, or any
generalizations, adapted to the N–connection structure, can constitute the source of certain
algebraic equations for torsion (see details in Refs. [19]) or even to consider generalizations
for dynamical equations for torsion like in gauge gravity theories [22]. A more special case
is defined by the theories when the d–torsions T̂γαβ are induced by specific frame effects
of N–connection structures. Such models contain all possible distorsions to generalized
Finsler–Lagrange–Cartan spacetimes of the Einstein gravity and emphasize the conditions
when such generalizations to locally anisotropic gravity preserve the local Lorentz invariance
or even model Finsler like configurations in the framework of general relativity.
Let us express the 1–form of the canonical d–connection Γ̂γα as the deformation of the
Levi–Civita connection Γγ▽ α,
Γ̂γα = Γ
γ
▽ α + Ẑ
γ
α (52)
where
Ẑαβ = eβ⌋T̂α − eα⌋T̂β +
1
2
(
eα⌋eβ⌋T̂γ
)
ϑγ (53)
being a particular case of formulas (22) and (24) when nonmetricity vanishes, Qαβ = 0.
This induces a distorsion of the curvature tensor like (41) but for d–objects, expressing (51)
in the form
ηαβγ ∧R
βγ
▽ + ηαβγ ∧ Z
βγ
▽ = κΣ
[m]
α (54)
where
Z
β
▽ γ = ▽Z
β
γ + Z
β
α ∧ Z
α
γ.
Theorem 3.3. The Einstein equations (51) for the canonical d–connection Γ̂γα constructed
for a d–metric field gαβ = [gij, hab] (11) and N–connection N
a
i is equivalent to the grav-
itational field equations for the Einstein–Cartan theory with torsion T̂γα defined by the
N–connection, see formulas (29).
Proof: The proof is trivial and follows from decomposition (52).
Remark 3.2. Every type of generalized Finsler–Lagrange geometries is characterized by
a corresponding N– and d–connection and d–metric structures, see Tables 1–11 in Ref.
[6]. For the canonical d–connection such locally anisotropic geometries can be modeled on
Riemann–Cartan manifolds as solutions of (51) for a prescribed type of d–torsions (29).
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Corollary 3.3. A generalized Finsler geometry can be modeled in a (pseudo) Riemann
spacetime by a d–metric gαβ = [gij, hab] (11), equivalently by generic off–diagonal metric
(12), satisfying the Einstein equations for the Levi–Civita connection,
ηαβγ ∧R
βγ
▽ = κΣ
[m]
α (55)
if and only if
ηαβγ ∧ Z
βγ
▽ = 0. (56)
The proof follows from equations (54). We emphasize that the conditions (56) are
imposed for the deformations of the Ricci tensors computed from distorsions of the Levi–
Civita connection to the cannonical d–connection. In general, a solution gαβ = [gij , hab]
of the Einstein equations (55) can be characterized alternatively by d–connections and N–
connections as follows from relation (28). The alternative geometric description contains
nontrivial torsion fields. The simplest such anholonomic configurations can be defined
by the condition of vanishing of N–connection curvature (5), Ωaij = 0, but even in such
cases there are nontrivial anholonomy coefficients, see (9), wbia = −w
b
ai = ∂aN
b
i , and
nonvanishing d–torsions (29),
T̂ ija = −T̂
i
aj = Ĉ
i
.ja and T̂
a
.bi = −T̂
a
.ib = P̂
a
.bi =
∂Nai
∂yb
− L̂a.bj ,
being induced by off–diagonal terms in the metric (12).
3.4 String gravity and N–connections
The subjects concerning generalized Finsler (super) geometry, spinors and (super) strings
are analyzed in details in Refs. [9]. Here, we consider the simplest examples when Finsler
like geometries can be modeled in string gravity and related to certain metric–affine struc-
tures.
For instance, in the sigma model for bosonic string (see, [1]), the background connection
is taken to be not the Levi–Civita one, but a certain deformation by the strength (torsion)
tensor
Hµνρ + δµBνρ + δρBµν + δνBρµ
of an antisymmetric field Bνρ, defined as
Dµ = ▽µ +
1
2
H ρµν .
We consider the H–field defined by using N–elongated operators (6) in order to compute
the coefficients with respect to anholonomic frames.
The condition of the Weyl invariance to hold in two dimensions in the lowest nontrivial
approximation in string constant α′, see [9], turn out to be
Rµν = −
1
4
H νρµ Hνλρ + 2▽µ▽νΦ,
▽λH
λ
µν = 2 (▽λΦ)H
λ
µν ,
(▽Φ)2 = ▽λ▽
λ Φ+
1
4
R +
1
48
HµνρH
µνρ.
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where Φ is the dilaton field. For trivial dilaton configurations, Φ = 0, we may write
Rµν = −
1
4
H νρµ Hνλρ,
▽λH
λ
µν = 0.
In Refs. [9] we analyzed string gravity models derived from superstring effective actions,
for instance, from the 4D Neveu-Schwarz action. In this paper we consider, for simplicity, a
model with zero dilaton field but with nontrivial H–field related to the d–torsions induced
by the N–connection and canonical d–connection.
A class of Finsler like metrics can be derived from the bosonic string theory if Hνλρ and
Bνρ are related to the d–torsions components, for instance, with T̂
γ
αβ. Really, we can take
an ansatz
Bνρ = [Bij , Bia, Bab]
and consider that
Hνλρ = Ẑ νλρ + Ĥνλρ (57)
where Ẑ νλρ is the distorsion of the Levi–Civita connection induced by T̂
γ
αβ , see (53). In
this case the induced by N–connection torsion structure is related to the antisymmetric
H–field and correspondingly to the B–field from string theory. The equations
▽νHνλρ = ▽
ν(Ẑ νλρ + Ĥνλρ) = 0 (58)
impose certain dynamical restrictions to the N–connection coefficients Nai and d–metric
gαβ = [gij, hab] contained in T̂
γ
αβ. If on the background space it is prescribed the cannonical
d–connection D̂, we can state a model with (58) redefined as
D̂νHνλρ = D̂
ν(Ẑ νλρ + Ĥνλρ) = 0, (59)
where Ĥνλρ are computed for stated values of T̂
γ
αβ. For trivial N–connections when Ẑ νλρ →
0 and D̂ν →▽ν , the Ĥνλρ transforms into usual H–fields.
Proposition 3.1. The dynamics of generalized Finsler–affine string gravity is defined by
the system of field equations
R̂αβ −
1
2
gαβ
←−
Rˆ = κ˜
(
Σ
[φ]
αβ +Σ
[m]
αβ +Σ
[T]
αβ
)
, (60)
D̂νH
νµ = µ2φµ,
D̂ν(Ẑ νλρ + Ĥνλρ) = 0
with Hνµ + D̂νφµ − D̂µφν + w
γ
µνφγ being the field strengths of the Abelian Proca field
φµ, κ˜ = const,
Σ
[φ]
αβ = H
µ
α Hβµ −
1
4
gαβHµνH
µν + µ2φαφβ −
µ2
2
gαβφµφ
µ,
and
Σ
[T]
αβ = Σ
[T]
αβ
(
T̂,Φ
)
contains contributions of T̂ and Φ fields.
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Proof: It follows as an extension of the Corollary 3.2 to sources induced by string
corrections. The system (60) should be completed by the field equations for the matter
fields present in Σ
[m]
αβ .
Finally, we note that the equations (60) reduce to equations of type (54) (for Riemann–
Cartan configurations with zero nonmetricity),
ηαβγ ∧R
βγ
▽ + ηαβγ ∧ Z
βγ
▽ = κΣ
[T]
α ,
and to equations of type (55) and (56) (for (pseudo) Riemannian configurations)
ηαβγ ∧R
βγ
▽ = κΣ
[T]
α , (61)
ηαβγ ∧ Z
βγ
▽ = 0
with sources defined by torsion (related to N–connection) from string theory.
4 The Anholonomic Frame Method
in MAG and String Gravity
In a series of papers, see Refs. [7, 8, 10, 15], the anholonomic frame method of constructing
exact solutions with generic off–diagonal metrics (depending on 2-4 variables) in general
relativity, gauge gravity and certain extra dimension generalizations was elaborated. In this
section, we develop the method in MAG and string gravity with applications to different
models of five dimensional (in brief, 5D) generalized Finsler–affine spaces.
We consider a metric–affine space provided with N–connection structure N = [N4i (u
α),
N5i (u
α)] where the local coordinates are labeled uα = (xi, y4 = v, y5), for i = 1, 2, 3. We
state the general condition when exact solutions of the field equations of the generalized
Finsler–affine string gravity depending on holonomic variables xi and on one anholonomic
(equivalently, anisotropic) variable y4 = v can be constructed in explicit form. Every
coordinate from a set uα can may be time like, 3D space like, or extra dimensional. For
simplicity, the partial derivatives are denoted a× = ∂a/∂x1, a• = ∂a/∂x2, a′ = ∂a/∂x3, a∗ =
∂a/∂v.
The 5D metric
g = gαβ
(
xi, v
)
duα ⊗ duβ (62)
has the metric coefficients gαβ parametrized with respect to the coordinate dual basis by
an off–diagonal matrix (ansatz)
g1 + w
2
1 h4 + n
2
1 h5 w1w2h4 + n1n2h5 w1w3h4 + n1n3h5 w1h4 n1h5
w1w2h4 + n1n2h5 g2 + w
2
2 h4 + n
2
2 h5 w2w3h4 + n2n3h5 w2h4 n2h5
w1w3h4 + n1n3h5 w2w3h4 + n2n3h5 g3 + w
2
3 h4 + n
2
3 h5 w3h4 n3h5
w1h4 w2h4 w3h4 h4 0
n1h5 n2h5 n3h5 0 h5
 , (63)
with the coefficients being some necessary smoothly class functions of type
g1 = ±1, g2,3 = g2,3(x
2, x3), h4,5 = h4,5(x
i, v),
wi = wi(x
i, v), ni = ni(x
i, v),
where the N–coefficients from (6) and (7) are parametrized N4i = wi and N
5
i = ni.
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Theorem 4.1. The nontrivial components of the 5D Ricci d–tensors (31), R̂αβ = (R̂ij, R̂ia,
R̂ai, Ŝab), for the d–metric (11) and canonical d–connection Γ̂
γ
αβ(27) both defined by the
ansatz (63), computed with respect to anholonomic frames (6) and (7), consist from h- and
v–irreducible components:
R22 = R
3
3 = −
1
2g2g3
[g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
], (64)
S44 = S
5
5 = −
1
2h4h5
[
h∗∗5 − h
∗
5
(
ln
√
|h4h5|
)
]∗
]
, (65)
R4i = −wi
β
2h5
−
αi
2h5
, (66)
R5i = −
h5
2h4
[n∗∗i + γn
∗
i ] , (67)
where
αi = ∂ih
∗
5 − h
∗
5∂i ln
√
|h4h5|, β = h
∗∗
5 − h
∗
5[ln
√
|h4h5|]
∗, γ = 3h∗5/2h5 − h
∗
4/h4 (68)
h∗4 6= 0, h
∗
5 6= 0 cases with vanishing h
∗
4 and/or h
∗
5 should be analyzed additionally.
The proof of Theorem 4.1 is given in Appendix A.
We can generalize the ansatz (63) by introducing a conformal factor ω(xi, v) and addi-
tional deformations of the metric via coefficients ζıˆ(x
i, v) (here, the indices with ’hat’ take
values like iˆ = 1, 2, 3, 5), i. e. for metrics of type
g[ω] = ω2(xi, v)gˆαβ
(
xi, v
)
duα ⊗ duβ, (69)
were the coefficients gˆαβ are parametrized by the ansatz
g1 + (w 21 + ζ
2
1
)h4 + n 21 h5 (w1w2 + ζ1ζ2)h4 + n1n2h5 (w1w3 + ζ1ζ3)h4 + n1n3h5 (w1 + ζ1)h4 n1h5
(w1w2 + ζ1ζ2)h4 + n1n2h5 g2 + (w 22 + ζ
2
2
)h4 + n 22 h5 (w2w3 ++ζ2ζ3)h4 + n2n3h5 (w2 + ζ2)h4 n2h5
(w1w3 + ζ1ζ3)h4 + n1n3h5 (w2w3 ++ζ2ζ3)h4 + n2n3h5 g3 + (w 23 + ζ
2
3
)h4 + n 23 h5 (w3 + ζ3)h4 n3h5
(w1 + ζ1)h4 (w2 + ζ2)h4 (w3 + ζ3)h4 h4 0
n1h5 n2h5 n3h5 0 h5 + ζ5h4
 .
(70)
Such 5D metrics have a second order anisotropy [9, 13] when the N–coefficients are
parametrized in the first order anisotropy like N4i = wi and N
5
i = ni (with three anholo-
nomic, xi, and two anholonomic, y4 and y5, coordinates) and in the second order anisotropy
(on the second ’shell’, with four holonomic, (xi, y5), and one anholonomic,y4, coordinates)
with N5
iˆ
= ζiˆ, in this work we state, for simplicity, ζ5 = 0. For trivial values ω = 1 and
ζıˆ = 0, the metric (69) transforms into (62).
The Theorem 4.1 can be extended as to include the ansatz (69):
Theorem 4.2. The nontrivial components of the 5D Ricci d–tensors (31), R̂αβ = (R̂ij, R̂ia,
R̂ai, Ŝab), for the metric (11) and canonical d–connection Γ̂
γ
αβ (27) defined by the ansatz
(4), computed with respect to the anholonomic frames (6) and (7), are given by the same
formulas (64)–(67) if there are satisfied the conditions
δˆih4 = 0 and δˆiω = 0 (71)
for δˆi = ∂i − (wi + ζi) ∂4 + ni∂5 when the values ζ˜i = (ζi, ζ5 = 0) are to be defined as any
solutions of (71).
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The proof of Theorem 4.2 consists from a straightforward calculation of the components
of the Ricci tensor (31) like in Appendix A. The simplest way to do this is to compute the
deformations by the conformal factor of the coefficients of the canonical connection (27)
and then to use the calculus for Theorem 4.1. Such deformations induce corresponding
deformations of the Ricci tensor (31). The condition that we have the same values of the
Ricci tensor for the (12) and (4) results in equations (71) and (73) which are compatible,
for instance, if for instance, if
ωq1/q2 = h4 (q1 and q2 are integers), (72)
and ζi satisfy the equations
∂iω − (wi + ζi)ω
∗ = 0. (73)
There are also different possibilities to satisfy the condition (71). For instance, if ω = ω1
ω2, we can consider that h4 = ω
q1/q2
1 ω
q3/q4
2 for some integers q1, q2, q3 and q4
There are some important consequences of the Theorems 4.1 and 4.2:
Corollary 4.1. The non–trivial components of the Einstein tensor [see (33) for the canon-
ical d–connection] Ĝαβ = R̂
α
β −
1
2
←−
Rˆδαβ for the ansatz (63) and (4) given with respect to the
N–adapted (co) frames are
G11 = −
(
R22 + S
4
4
)
, G22 = G
3
3 = −S
4
4 , G
4
4 = G
5
5 = −R
2
2. (74)
The relations (74) can be derived following the formulas for the Ricci tensor (64)–(67).
They impose the condition that the dynamics of such gravitational fields is defined by two
independent components R22 and S
4
4 and result in
Corollary 4.2. The system of effective 5D Einstein–Proca equations on spaces provided
with N–connection structure (44) (equivalently, the system (46)–(49) is compatible for the
generic off–diagonal ansatz (63) and (4) if the energy–momentum tensor Υαβ = κ˜(Σ
[φ]
αβ +
Σ
[m]
αβ ) of the Proca and matter fields given with respect to N– frames is diagonal and satisfies
the conditions
Υ22 = Υ
3
3 = Υ2(x
2, x3, v), Υ44 = Υ
5
5 = Υ4(x
2, x3), and Υ1 = Υ2 +Υ4. (75)
Remark 4.1. Instead of the energy–momentum tensor Υαβ = κ˜(Σ
[φ]
αβ+Σ
[m]
αβ ) for the Proca
and matter fields we can consider any source, for instance, with string corrections, when
Υ
[str]
αβ = κ˜
(
Σ
[φ]
αβ +Σ
[m]
αβ +Σ
[T]
αβ
)
like in (60) satisfying the conditions (75).
If the conditions of the Corollary 4.2, or Remark 4.1, are satisfied, the h- and v– ir-
reducible components of the 5D Einstein–Proca equations (46) and (49), or of the string
gravity equations (60), for the ansatz (63) and (4) transform into the system
R22 = R
3
3 = −
1
2g2g3
[g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
] = −Υ4(x
2, x3), (76)
S44 = S
5
5 = −
1
2h4h5
[
h∗∗5 − h
∗
5
(
ln
√
|h4h5|
)∗
]
]
= −Υ2(x
2, x3, v). (77)
R4i = −wi
β
2h5
−
αi
2h5
= 0, (78)
R5i = −
h5
2h4
[n∗∗i + γn
∗
i ] = 0. (79)
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A very surprising result is that we are able to construct exact solutions of the 5D
Einstein–Proca equations with anholonomic variables and generic off–diagonal metrics:
Theorem 4.3. The system of second order nonlinear partial differential equations (76)–
(79) and (73) can be solved in general form if there are given certain values of functions
g2(x
2, x3) (or, inversely, g3(x
2, x3)), h4 (x
i, v) (or, inversely, h5 (x
i, v)), ω (xi, v) and of
sources Υ2(x
2, x3, v) and Υ4(x
2, x3).
We outline the main steps of constructing exact solutions and proving this Theorem.
• The general solution of equation (76) can be written in the form
̟ = g[0] exp[a2x˜
2
(
x2, x3
)
+ a3x˜
3
(
x2, x3
)
], (80)
were g[0], a2 and a3 are some constants and the functions x˜
2,3 (x2, x3) define any co-
ordinate transforms x2,3 → x˜2,3 for which the 2D line element becomes conformally
flat, i. e.
g2(x
2, x3)(dx2)2 + g3(x
2, x3)(dx3)2 → ̟(x2, x3)
[
(dx˜2)2 + ǫ(dx˜3)2
]
, (81)
where ǫ = ±1 for a corresponding signature. In coordinates x˜2,3, the equation (76)
transform into
̟ ( ¨̟ +̟′′)− ˙̟ −̟′ = 2̟2Υ4(x˜
2, x˜3)
or
ψ¨ + ψ′′ = 2Υ4(x˜
2, x˜3), (82)
for ψ = ln |̟|. The integrals of (82) depends on the source Υ4. As a particular case
we can consider that Υ4 = 0. There are three alternative possibilities to generate
solutions of (76). For instance, we can prescribe that g2 = g3 and get the equation
(82) for ψ = ln |g2| = ln |g3|. If we suppose that g
′
2 = 0, for a given g2(x
2), we obtain
from (76)
g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
= 2g2g3Υ4(x
2, x3)
which can be integrated explicitly for given values of Υ4. Similarly, we can generate
solutions for a prescribed g3(x
3) in the equation
g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
= 2g2g3Υ4(x
2, x3).
We note that a transform (81) is always possible for 2D metrics and the explicit form
of solutions depends on chosen system of 2D coordinates and on the signature ǫ = ±1.
In the simplest case with Υ4 = 0 the equation (76) is solved by arbitrary two functions
g2(x
3) and g3(x
2).
• For Υ2 = 0, the equation (77) relates two functions h4 (x
i, v) and h5 (x
i, v) following
two possibilities:
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a) to compute√
|h5| = h5[1]
(
xi
)
+ h5[2]
(
xi
) ∫ √
|h4 (xi, v) |dv, h
∗
4
(
xi, v
)
6= 0;
= h5[1]
(
xi
)
+ h5[2]
(
xi
)
v, h∗4
(
xi, v
)
= 0, (83)
for some functions h5[1,2] (x
i) stated by boundary conditions;
b) or, inversely, to compute h4 for a given h5 (x
i, v) , h∗5 6= 0,√
|h4| = h[0]
(
xi
)
(
√
|h5 (xi, v) |)
∗, (84)
with h[0] (x
i) given by boundary conditions. We note that the sourceless equation
(77) is satisfied by arbitrary pairs of coefficients h4 (x
i, v) and h5[0] (x
i) . Solutions
with Υ2 6= 0 can be found by ansatz of type
h5[Υ2] = h5, h4[Υ2] = ς4
(
xi, v
)
h4, (85)
where h4 and h5 are related by formula (83), or (84). Substituting (85), we obtain
ς4
(
xi, v
)
= ς4[0]
(
xi
)
−
∫
Υ2(x
2, x3, v)
h4h5
4h∗5
dv, (86)
where ς4[0] (x
i) are arbitrary functions.
• The exact solutions of (78) for β 6= 0 are defined from an algebraic equation, wiβ+αi =
0, where the coefficients β and αi are computed as in formulas (68) by using the
solutions for (76) and (77). The general solution is
wk = ∂k ln[
√
|h4h5|/|h
∗
5|]/∂v ln[
√
|h4h5|/|h
∗
5|], (87)
with ∂v = ∂/∂v and h
∗
5 6= 0. If h
∗
5 = 0, or even h
∗
5 6= 0 but β = 0, the coefficients
wk could be arbitrary functions on (x
i, v) . For the vacuum Einstein equations this
is a degenerated case imposing the the compatibility conditions β = αi = 0, which
are satisfied, for instance, if the h4 and h5 are related as in the formula (84) but with
h[0] (x
i) = const.
• Having defined h4 and h5 and computed γ from (68) we can solve the equation (79)
by integrating on variable ”v” the equation n∗∗i + γn
∗
i = 0. The exact solution is
nk = nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[h4/(
√
|h5|)
3]dv, h∗5 6= 0;
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
h4dv, h
∗
5 = 0; (88)
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[1/(
√
|h5|)
3]dv, h∗4 = 0,
for some functions nk[1,2] (x
i) stated by boundary conditions.
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The exact solution of (73) is given by some arbitrary functions ζi = ζi (x
i, v) if both
∂iω = 0 and ω
∗ = 0, we chose ζi = 0 for ω = const, and
ζi = −wi + (ω
∗)−1∂iω, ω
∗ 6= 0, (89)
= (ω∗)−1∂iω, ω
∗ 6= 0, for vacuum solutions.
The Theorem 4.3 states a general method of constructing exact solutions in MAG,
of the Einstein–Proca equations and various string gravity generalizations with generic
off–diagonal metrics. Such solutions are with associated N–connection structure. This
method can be also applied in order to generate, for instance, certain Finsler or Lagrange
configurations as v-irreducible components. The 5D ansatz can not be used to generate
standard Finsler or Lagrange geometries because the dimension of such spaces can not be
an odd number. Nevertheless, the anholonomic frame method can be applied in order to
generate 4D exact solutions containing Finsler–Lagrange configurations, see Appendix B.
Summarizing the results for the nondegenerated cases when h∗4 6= 0 and h
∗
5 6= 0 and (for
simplicity, for a trivial conformal factor ω), we derive an explicit result for 5D exact solutions
with local coordinates uα = (xi, ya) when xi =
(
x1, x̂i
)
, x̂i = (x2, x3) , ya = (y4 = v, ya)
and arbitrary signatures ǫα = (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) (where ǫα = ±1) :
Corollary 4.3. Any off–diagonal metric
δs2 = ǫ1(dx
1)2 + ǫk̂gk̂
(
x̂i
)
(dxk̂)2 +
ǫ4h
2
0(x
i)
[
f ∗
(
xi, v
)]2
|ςΥ
(
xi, v
)
| (δv)2 + ǫ5f
2
(
xi, v
) (
δy5
)2
,
δv = dv + wk
(
xi, v
)
dxk, δy5 = dy5 + nk
(
xi, v
)
dxk, (90)
with coefficients of necessary smooth class, where gk̂
(
x̂i
)
is a solution of the 2D equation
(76) for a given source Υ4
(
x̂i
)
,
ςΥ
(
xi, v
)
= ς4
(
xi, v
)
= ς4[0]
(
xi
)
−
ǫ4
16
h20(x
i)
∫
Υ2(x
k̂, v)[f 2
(
xi, v
)
]2dv,
and the N–connection coefficients N4i = wi(x
k, v) and N5i = ni(x
k, v) are
wi = −
∂iςΥ
(
xk, v
)
ς∗Υ (x
k, v)
(91)
and
nk = nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫ [f ∗ (xi, v)]2
[f (xi, v)]2
ςΥ
(
xi, v
)
dv, (92)
define an exact solution of the system of Einstein equations with holonomic and anholo-
nomic variables (76)–(79) for arbitrary nontrivial functions f (xi, v) (with f ∗ 6= 0), h20(x
i),
ς4[0] (x
i) , nk[1] (x
i) and nk[2] (x
i) , and sources Υ2(x
k̂, v),Υ4
(
x̂i
)
and any integration con-
stants and signatures ǫα = ±1 to be defined by certain boundary conditions and physical
considerations.
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Any metric (90) with h∗4 6= 0 and h
∗
5 6= 0 has the property to be generated by a func-
tion of four variables f (xi, v) with emphasized dependence on the anisotropic coordinate
v, because f ∗ + ∂vf 6= 0 and by arbitrary sources Υ2(x
k̂, v),Υ4
(
x̂i
)
. The rest of arbitrary
functions not depending on v have been obtained in result of integradion of partial differen-
tial equations. This fix a specific class of metrics generated by using the relation (84) and
the first formula in (88). We can generate also a different class of solutions with h∗4 = 0 by
considering the second formula in (83) and respective formulas in (88). The ”degenerated”
cases with h∗4 = 0 but h
∗
5 6= 0 and inversely, h
∗
4 6= 0 but h
∗
5 = 0 are more special and request
a proper explicit construction of solutions. Nevertheless, such type of solutions are also
generic off–diagonal and they could be of substantial interest.
The sourceless case with vanishing Υ2 and Υ4 is defined following
Remark 4.2. Any off–diagonal metric (90) with ςΥ = 1, h
2
0(x
i) = h20 = const, wi = 0 and
nk computed as in (92) but for ςΥ = 1, defines a vacuum solution of 5D Einstein equations
for the canonical d–connection (27) computed for the ansatz (90).
By imposing additional constraints on arbitrary functions from N5i = ni and N
5
i = wi,
we can select off–diagonal gravitational configurations with distorsions of the Levi–Civita
connection resulting in canonical d–connections with the same solutions of the vacuum
Einstein equations. For instance, we can model Finsler like geometries in general relativity,
see Corollary 3.3. Under similar conditions the ansatz (63) was used for constructing exact
off–diagonal solutions in the 5D Einstein gravity, see Refs. [7, 8, 9].
Let us consider the procedure of selecting solutions with off–diagonal metrics from an
ansatz (90) with trivial N–connection curvature (such metrics consists a simplest subclass
which can be restricted to (pseudo) Riemannian ones). The corresponding nontrivial coef-
ficients the N–connection curvature (5) are computed
Ω4ij = ∂iwj − ∂jwi + wiw
∗
j − wjw
∗
i and Ω
5
ij = ∂inj − ∂jni + win
∗
j − wjn
∗
i .
So, there are imposed six constraints, Ω4ij = Ω
5
ij = 0, for i, j... = 1, 2, 4 on six functions
wi and ni computed respectively as (92) and (92) which can be satisfied by a correspond-
ing subclass of functions f (xi, v) (with f ∗ 6= 0), h20(x
i), ς4[0] (x
i) , nk[1] (x
i) , nk[2] (x
i) and
Υ2(x
k̂, v),Υ4
(
x̂i
)
(in general, we have to solve certain first order partial derivative equa-
tions with may be reduced to algebraic relations by corresponding parametrizations). For
instance, in the vacuum case when wj = 0, we obtain Ω
5
ij = ∂inj − ∂jni. The simplest
example when condition Ω5
îĵ
= ∂̂inĵ − ∂ĵnî = 0, with î, ĵ = 2, 3 (reducing the metric (90)
to a 4D one trivially embedded into 5D) is satisfied is to take n3[1] = n3[2] = 0 in (92) and
consider that f = f (x2, v) with n2[1] = n2[1] (x
2) and n2[2] = n2[2] (x
2) , i. e. by eliminating
the dependence of the coefficients on x3. This also results in a generic off–diagonal solution,
because the anholonomy coefficients (9) are not trivial, for instance, w524 = n
∗
2 and w
5
14 = n
∗
1.
Another interesting remark is that even we have reduced the canonical d–connection
to the Levi–Civita one [with respect to N–adapted (co) frames; this imposes the metric
to be (pseudo) Riemannian] by selecting the arbitrary functions as to have Ωaij = 0, one
could be nonvanishing d–torsion components like T 541 = P
5
41 and T
5
41 = P
5
41 in (29). Such
objects, as well the anholonomy coefficients w524 and w
5
14 (which can be also considered
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as torsion like objects) are constructed by taking certain ”scarps” from the coefficients of
off–diagonal metrics and anholonomic frames. They are induced by the frame anholonomy
(like ”torsions” in rotating anholonomic systems of reference for the Newton gravtity and
mechanics with constraints) and vanish if we transfer the constructions with respect to any
holonomic basis.
The above presented results are for generic 5D off–diagonal metrics, anholonomic trans-
forms and nonlinear field equations. Reductions to a lower dimensional theory are not
trivial in such cases. We emphasize some specific points of this procedure in the Appendix
B (see details in [15]).
5 Exact Solutions
There were found a set of exact solutions in MAG [16, 20, 5] describing various configuration
of Einstein–Maxwell of dilaton gravity emerging from low energy string theory, soliton and
multipole solutions and generalized Plebanski–Demianski solutions, colliding waves and
static black hole metrics. In this section we are going to look for some classes of 4D and
5D solutions of the Einstein–Proca equations in MAG related to string gravity modeling
generalized Finsler–affine geometries and extending to such spacetimes some our previous
results [7, 8, 9].
5.1 Finsler–Lagrange metrics in string and metric–affine gravity
As we discussed in section 2, the generalized Finsler–Lagrange spaces can be modeled in
metric–affine spacetimes provided with N–connection structure. In this subsection, we show
how such two dimensional Finsler like spaces with d–metrics depending on one anisotropic
coordinate y4 = v (denoted as F2 = [V 2, F (x2, x3, y)] , L2 = [V 2, L (x2, x3, y)] and GL2 =
[V 2, gij (x
2, x3, y)] according to Ref. [6]) can be modeled by corresponding diad transforms
on spacetimes with 5D (or 4D) d–metrics being exact solutions of the field equations for
the generalized Finsler–affine string gravity (60) (as a particular case we can consider the
Einstein–Proca system (76)–(79) and (73)). For every particular case of locally anisotropic
spacetime, for instance, outlined in Appendix C, see Table 1, the quadratic form g˜ij, d–
metric g˜αβ = [g˜ij, g˜ij] and N–connection N˜
a
j one holds
Theorem 5.1. Any 2D locally anisotropic structure given by g˜αβ and N˜
a
j can be modeled
on the space of exact solutions of the 5D (or 4D) the generalized Finsler–affine string gravity
system defined by the ansatz (4) (or (126)).
We give the proof via an explicit construction. Let us consider
gαβ = [gij , hab] =
[
ωg2
(
x2, x3
)
, ωg3
(
x2, x3
)
, ωh4
(
x2, x3, v
)
, ωh5
(
x2, x3, v
)]
for ω = ω (x2, x3, v) and
Nai =
[
N4i = wi
(
x2, x3, v
)
, N5i = ni
(
x2, x3, v
)]
,
where indices are running the values a = 4, 5 and i = 2, 3 define an exact 4D solution of the
equations (60) (or, in the particular case, of the system (76)–(79), for simplicity, we put
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ω (x2, x3, v) = 1).We can relate the data (gαβ , N
a
i ) to any data
(
g˜αβ , N˜
a
j
)
via nondegenerate
diadic transforms ei
′
i = e
i′
i (x
2, x3, v) , li
′
a = l
i′
a (x
2, x3, v) and qi
′
a = q
i′
a (x
2, x3, v) (and theirs
inverse matrices)
gij = e
i′
i e
j′
j g˜i′j′, hab = l
i′
a l
i′
b g˜i′j′, N
a
i′ = q
a
a′N˜
a′
j′ . (93)
Such transforms may be associated to certain tetradic transforms of the N–elongated (co)
frames ((7)) (6). If for the given data (gαβ, N
a
i ) and
(
g˜αβ, N˜
a
j
)
in (93), we can solve the
corresponding systems of quadratic algebraic equations and define nondegenerate matrices(
ei
′
i
)
,
(
li
′
a
)
and (qai′) , we argue that the 2D locally anisotropic spacetime
(
g˜αβ, N˜
a
j
)
(really, it
is a 4D spacetime with generic off–diagonal metric and associated N–connection structure)
can be modeled on by a class of exact solutions of effective Einstein–Proca equations for
MAG.
The d–metric with respect to transformed N–adapted diads is written in the form
g =g˜i′j′e
i′ ⊗ ej
′
+ g˜i′j′ e˜
i′ ⊗ e˜j
′
(94)
where
ei
′
= ei
′
i dx
i, e˜i
′
= li
′
a e˜
a, e˜a = dya + N˜aj′ e˜
j′
[N ], e˜
j′
[N ] = q
j′
i dx
i.
The d–metric (94) has the coefficients corresponding to generalized Finsler–Lagange spaces
and emphasizes that any quadratic form g˜i′j′ from Table 1 can be related via an exact
solution (gij, hab, N
a
i′) .
We note that we can define particular cases of imbeddings with hab = l
i′
a l
i′
b g˜i′j′ and
Naj′ = q
a
i′N˜
i′
j′ for a prescribed value of gij = g˜i′j′ and try to model only the quadratic
form h˜i′j′ in MAG. Similar considerations were presented for particular cases of modeling
Finsler structures and generalizations in Einstein and Einstein–Cartan spaces [7, 9], see the
conditions (61).
5.2 Solutions in MAG with effective variable cosmological con-
stant
A class of 4D solutions in MAG with local anisotropy can be derived from (44) for
Σ
[m]
αβ = 0 and almost vanishing mass µ → 0 of the Proca field in the source Σ
[φ]
αβ. This
holds in absence of matter fields and when the constant in the action for the Finsler–affine
gravity are subjected to the condition (50). We consider that φµ =
(
φî
(
xk̂
)
, φa = 0
)
,
where î, k̂, ... = 2, 3 and a, b, ... = 4, 5, with respect to a N–adapted coframe (7) and choose
a metric ansatz of type (124) with g2 = 1 and g3 = −1 which select a flat h–subspace
imbedded into a general anholonomic 4D background with nontrivial hab and N–connection
structure Nai . The h–covariant derivatives are D̂
[h] φî = (∂2φî, ∂3φî) because the coefficients
L̂i jk and Ĉ
i
ja are zero in (27) and any contraction with φa = 0 results in zero values. In
this case the Proca equations, D̂νH
νµ = µ2φµ, transform in a Maxwell like equation,
∂2(∂2φî)− ∂3(∂3φî) = 0, (95)
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for the potential φî, with the dynamics in the h–subspace distinguished by a N–connection
structure to be defined latter. We note that φi is not an electromagnetic field, but a
component of the metric–affine gravity related to nonmetricity and torsion. The relation
Q = k0φ, Λ =k1φ, T =k2φ from (42) transforms into Qî = k0φî,Λî = k1φî, Ti = k2φî, and
vanishing Qa,Λa and Ta, defined, for instance, by a wave solution of (95),
φî = φ[0]̂i cos
(
̺ix
i + ϕ[0]
)
(96)
for any constants φ[0]2,3, ϕ[0] and (̺2)
2− (̺3)
2 = 0. In this simplified model we have related
plane waves of nonmetricity and torsion propagating on an anholonomic background pro-
vided with N–connection. Such nonmetricity and torsion do not vanish even µ → 0 and
the Proca field is approximated by a massless vector field defined in the h–subspace.
The energy–momentum tensor Σ
[φ]
αβ for the massless field (96) is defined by a nontrivial
value
H23 = ∂2φ3 − ∂3φ2 = ε23λ[h] sin
(
̺ix
i + ϕ[0]
)
with antisymmetric ε23, ε23 = 1, and constant λ[h] taken for a normalization ε23λ[h] =
̺2φ[0]3 − ̺3φ[0]2. This tensor is diagonal with respect to N–adapted (co) frames, Σ
[φ]β
α =
{Υ2,Υ2, 0, 0} with
Υ2
(
x2, x3
)
= −λ2[h] sin
2
(
̺ix
i + ϕ[0]
)
. (97)
So, we have the case from (135) and (136) with Υ2 (x
2, x2, v)→ Υ2 (x
2, x2) and Υ4, i. e.
G22 = G
3
3 = −S
4
4 = Υ2
(
x2, x2
)
and G44 = G
4
4 = −R
2
2 = 0. (98)
There are satisfied the compatibility conditions from Corollary 4.2. For the above stated
ansatz for the d–metric and φ–field, the system (44) reduces to a particular case of (76)–
(79), when the first equation is trivially satisfied by g2 = 1 and g3 = −1 but the second one
is
S44 = S
5
5 = −
1
2h4h5
[
h∗∗5 − h
∗
5
(
ln
√
|h4h5|
)∗
]
]
= λ2[h] sin
2
(
̺ix
i + ϕ[0]
)
. (99)
The right part of this equation is like a ”cosmological constant”, being nontrivial in the
h–subspace and polarized by a nonmetricity and torsion wave (we can state x2 = t and
choose the signature (−+−−−)).
The exact solution of (99) exists according the Theorem 4.3 (see formulas (83)–(86)).
Taking any h4 = h4[λ[h] = 0] and h5 = h5[λ[h] = 0] solving the equation with λ[h] = 0, for
instance, like in (84), we can express the general solution with nontrivial source like
h5[λ[h]] = h5, h4[λ[h]] = ς[λ]
(
xi, v
)
h4,
where (for an explicit source (97) in (86))
ς[λ]
(
t, x3, v
)
= ς4[0]
(
t, x3
)
−
λ2[h]
4
sin2
(
̺2t+ ̺3x
3 + ϕ[0]
) ∫ h4h5
h∗5
dv,
where ς4[0] (t, x
3) = 1 if we want to have ς[λ] for λ
2
[h] → 0. A particular class of 4D off–
diagonal exact solutions with h∗4,5 6= 0 (see the Corollary 4.3 with x
2 = t stated to be the
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time like coordinate and x1 considered as the extra 5th dimensional one to be eliminated
for reductions 5D→4D) is parametrized by the generic off–diagonal metric
δs2 = (dt)2 −
(
dx3
)
− h20(t, x
3)
[
f ∗
(
t, x3, v
)]2
|ς[λ]
(
t, x3, v
)
| (δv)2 − f 2
(
t, x3, v
) (
δy5
)2
,
δv = dv + wk̂
(
t, x3, v
)
dxk̂, δy5 = dy5 + nk̂
(
t, x3, v
)
dxk̂, (100)
with coefficients of necessary smooth class, where gk̂
(
x̂i
)
is a solution of the 2D equation
(76) for a given source Υ4
(
x̂i
)
,
ς[λ]
(
t, x3, v
)
= 1 +
λ2[h]
16
h20(t, x
3) sin2
(
̺2t+ ̺3x
3 + ϕ[0]
)
f 2
(
t, x3, v
)
,
and the N–connection coefficients N4
î
= wî(t, x
3, v) and N5
î
= nî(t, x
3, v) are
w2,3 = −
∂2,3ς[λ] (t, x
3, v)
ς∗[λ] (t, x
3, v)
and
n2,3
(
t, x3, v
)
= n2,3[1]
(
t, x3
)
+ n2,3[2]
(
t, x3
) ∫ [f ∗ (t, x3, v)]2
[f (t, x3, v)]2
ς[λ]
(
t, x3, v
)
dv,
define an exact 4D solution of the system of Einstein–Proca equations (46)–(49) for van-
ishing mass µ→ 0, with holonomic and anholonomic variables and 1-form field
φµ =
[
φî = φ[0]̂i cos
(
̺2t + ̺3x
3 + ϕ[0]
)
, φ4 = 0, φ0 = 0
]
for arbitrary nontrivial functions f (t, x3, v) (with f ∗ 6= 0), h20(t, x
3), nk[1,2] (t, x
3) and sources
Υ2 (t, x
3) = −λ2[h] sin
2
(
̺2t+ ̺3x
3 + ϕ[0]
)
and Υ4 = 0 and any integration constants to be
defined by certain boundary conditions and additional physical arguments. For instance,
we can consider ellipsoidal symmetries for the set of space coordinates (x3, y4 = v, y5) con-
sidered on possibility to be ellipsoidal ones, or even with topologically nontrivial configu-
rations like torus, with toroidal coordinates. Such exact solutions emphasize anisotropic
dependences on coordinate v and do not depend on y5.
5.3 3D solitons in string Finsler–affine gravity
The d–metric (100) can be extended as to define a class of exact solutions of generalized
Finsler affine string gravity (60), for certain particular cases describing 3D solitonic config-
urations.
We start with the the well known ansatz in string theory (see, for instance, [24]) for the
H–field (57) when
Hνλρ = Ẑ νλρ + Ĥνλρ = λ[H]
√
|gαβ|ενλρ (101)
where ενλρ is completely antisymmetric and λ[H] = const, which satisfies the field equations
for Hνλρ, see (59). The ansatz (101) is chosen for a locally anisotropic background with
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Ẑ νλρ defined by the d–torsions for the canonical d–connection. So, the values Ĥνλρ are
constrained to solve the equations (101) for a fixed value of the cosmological constant λ[H]
effectively modeling some corrections from string gravity. In this case, the source (97) is
modified to
Σ[φ]βα +Σ
[H]β
α = {Υ2 +
λ2[H]
4
,Υ2 +
λ2[H]
4
,
λ2[H]
4
,
λ2[H]
4
}
and the equations (98) became more general,
G22 = G
3
3 = −S
4
4 = Υ2
(
x2, x2
)
+
λ2[H]
4
and G44 = G
4
4 = −R
2
2 =
λ2[H]
4
, (102)
or, in component form
R22 = R
3
3 = −
1
2g2g3
[g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
] = −
λ2[H]
4
, (103)
S44 = S
5
5 = −
1
2h4h5
[
h∗∗5 − h
∗
5
(
ln
√
|h4h5|
)∗
]
]
= −
λ2[H]
4
+ λ2[h] sin
2
(
̺ix
i + ϕ[0]
)
.(104)
The solution of (103) can be found as in the case for (82), when ψ = ln |g2| = ln |g3| is a
solution of
ψ¨ + ψ′′ = −
λ2[H]
2
, (105)
where, for simplicity we choose the h–variables x2 = x˜2 and x3 = x˜3.
The solution of (104) can be constructed similarly to the equation (99) but for a modified
source (see Theorem 4.3 and formulas (83)–(86)). Taking any h4 = h4[λ[h] = 0, λ[H] = 0]
and h5 = h5[λ[h] = 0, λ[H] = 0] solving the equation with λ[h] = 0 and λ[H] = 0 like in (84),
we can express the general solution with nontrivial source like
h5[λ[h], λ[H]] = h5, h4[λ[h], λ[H]] = ς[λ,H]
(
xi, v
)
h4,
where (for an explicit source from (104) in (86))
ς[λ,H]
(
t, x3, v
)
= ς4[0]
(
t, x3
)
−
1
4
[
λ2[h] sin
2
(
̺2t + ̺3x
3 + ϕ[0]
)
−
λ2[H]
4
]∫
h4h5
h∗5
dv,
where ς4[0] (t, x
3) = 1 if we want to have ς[λ] for λ
2
[h], λ
2
[H] → 0.
We define a class of 4D off–diagonal exact solutions of the system (60) with h∗4,5 6= 0
(see the Corollary 4.3 with x2 = t stated to be the time like coordinate and x1 considered
as the extra 5th dimensional one to be eliminated for reductions 5D→4D) is parametrized
by the generic off–diagonal metric
δs2 = eψ(t,x
3)(dt)2 − eψ(t,x
3)
(
dx3
)
− f 2
(
t, x3, v
) (
δy5
)2
−h20(t, x
3)
[
f ∗
(
t, x3, v
)]2
|ς[λ,H]
(
t, x3, v
)
| (δv)2 , (106)
δv = dv + wk̂
(
t, x3, v
)
dxk̂, δy5 = dy5 + nk̂
(
t, x3, v
)
dxk̂,
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with coefficients of necessary smooth class, where gk̂
(
x̂i
)
is a solution of the 2D equation
(76) for a given source Υ4
(
x̂i
)
,
ς[λ,H]
(
t, x3, v
)
= 1 +
h20(t, x
3)
16
[
λ2[h] sin
2
(
̺2t+ ̺3x
3 + ϕ[0]
)
−
λ2[H]
4
]
f 2
(
t, x3, v
)
,
and the N–connection coefficients N4
î
= wî(t, x
3, v) and N5
î
= nî(t, x
3, v) are
w2,3 = −
∂2,3ς[λ,H] (t, x
3, v)
ς∗[λ,H] (t, x
3, v)
and
n2,3
(
t, x3, v
)
= n2,3[1]
(
t, x3
)
+ n2,3[2]
(
t, x3
) ∫ [f ∗ (t, x3, v)]2
[f (t, x3, v)]2
ς[λ,H]
(
t, x3, v
)
dv,
define an exact 4D solution of the system of generalized Finsler–affine gravity equations
(60) for vanishing Proca mass µ → 0, with holonomic and anholonomic variables, 1-form
field
φµ =
[
φî = φ[0]̂i(t, x
3) cos
(
̺2t+ ̺3x
3 + ϕ[0]
)
, φ4 = 0, φ0 = 0
]
(107)
and nontrivial effective H–field Hνλρ = λ[H]
√
|gαβ |ενλρ for arbitrary nontrivial functions
f (t, x3, v) (with f ∗ 6= 0), h20(t, x
3), nk[1,2] (t, x
3) and sources
Υ2
(
t, x3
)
= λ2[H]/4− λ
2
[h](t, x
3) sin2
(
̺2t+ ̺3x
3 + ϕ[0]
)
and Υ4 = λ
2
[H]/4
and any integration constants to be defined by certain boundary conditions and additional
physical arguments. The function φ[0]̂i(t, x
3) in (107) is taken to solve the equation
∂2[e
−ψ(t,x3)∂2φk]− ∂3[e
−ψ(t,x3)∂3φk] = L
j
ki∂
iφj − L
i
ij∂
jφk (108)
where Ljki are computed for the d–metric (106) following the formulas (27). For ψ = 0,
we obtain just the plane wave equation (95) when φ[0]̂i and λ
2
[h](t, x
3) reduce to constant
values. We do not fix here any value of ψ (t, x3) solving (105) in order to define explicitly
a particular solution of (108). We note that for any value of ψ (t, x3) we can solve the
inhomogeneous wave equation (108) by using solutions of the homogeneous case.
For simplicity, we do not present here the explicit value of
√
|gαβ | computed for the d–
metric (106) as well the values for distorsions Ẑ νλρ, defined by d–torsions of the canonical
d–connection, see formulas (53) and (29) (the formulas are very cumbersome and do not
reflect additional physical properties). Having defined Ẑ νλρ, we can compute
Ĥνλρ = λ[H]
√
|gαβ |ενλρ − Ẑ νλρ.
We note that the torsion T̂νλρ contained in Ẑ νλρ, related to string corrections by theH–field,
is different from the torsion T =k2φ and nontrivial nonmetricity Q = k0φ, Λ =k1φ, from
the metric–affine part of the theory, see (42).
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We can choose the function f (t, x3, v) from (106), or (100), as it would be a solution of
the Kadomtsev–Petviashvili (KdP) equation [25], i. e. to satisfy
f •• + ǫ (f ′ + 6ff ∗ + f ∗∗∗)
∗
= 0, ǫ = ±1,
or, for another locally anisotropic background, to satisfy the (2 + 1)–dimensional sine–
Gordon (SG) equation,
−f •• + f´ + f ∗∗ = sin f,
see Refs. [26] on gravitational solitons and theory of solitons. In this case, we define a
nonlinear model of graviational plane wave and 3D solitons in the framework of the MAG
with string corrections by H–field. Such solutions generalized those considered in Refs. [7]
for 4D and 5D gravity.
We can also consider that F/L = f 2 (t, x3, v) is just the generation function for a
2D model of Finsler/Lagrange geometry (being of any solitonic or another type nature).
In this case, the geometric background is characterized by this type locally anisotropic
configurations (for Finsler metrics we shall impose corresponding homogeneity conditions
on coordinates).
6 Final Remarks
In this paper we have investigated the dynamical aspects of metric–affine gravity (MAG)
with certain additional string corrections defined by the antisymmetric H–field when the
metric structure is generic off–diagonal and the spacetime is provided with an anholonomic
frame structure with associated nonlinear connection (N–connection). We analyzed the
corresponding class of Lagrangians and derived the field equations of MAG and string
gravity with mixed holonomic and anholonomic variables. The main motivation for this
work is to determine the place and significance of such models of gravity which contain as
exact solutions certain classes of metrics and connections modeling Finsler like geometries
even in the limits to the general relativity theory.
The work supports the results of Refs. [7, 8] where various classes of exact solutions
in Einstein, Einstein–Cartan, gauge and string gravity modeling Finsler–Lagrange config-
urations were constructed. We provide an irreducible decomposition techniques (in our
case with additional N–connection splitting) and study the dynamics of MAG fields gen-
erating the locally anisotropic geometries and interactions classified in Ref. [6]. There are
proved the main theorems on irreducible reduction to effective Einstein–Proca equations
with string corrections and formulated a new method of constructing exact solutions.
As explicit examples of the new type of locally anisotropic configurations in MAG and
string gravity, we have elaborated three new classes of exact solutions depending on 3-
4 variables possessing nontrivial torsion and nonmetricity fields, describing plane wave
and three dimensional soliton interactions and induced generalized Finsler–affine effective
configurations.
Finally, it seems worthwhile to note that such Finsler like configurations do not vio-
lates the postulates of the general relativity theory in the corresponding limits to the four
dimensional Einstein theory because such metrics transform into exact solutions of this the-
ory. The anisotropies are modeled by certain anholonomic frame constraints on a (pseudo)
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Riemannian spacetime. In this case the restrictions imposed on physical applications of
the Finsler geometry, derived from experimental data on possible limits for brocken local
Lorentz invariance (see, for instance, Ref. [27]), do not hold.
A Proof of Theorem 4.1
We give some details on straightforward calculations outlined in Ref. [15] for (pseudo)
Riemannian and Riemann–Cartan spaces. In brief, the proof of Theorem 4.1 is to be
performed in this way: Introducing N4i = wi and N
5
i = ni in (6) and (7) and re–writting
(63) into a diagonal (in our case) block form (11), we compute the h- and v–irreducible
components of the cannonical d–connection (27). The next step is to compute d–curvatures
(30) and by contracting of indices to define the components of the Ricci d–tensor (31) which
results in (64)–(67). We emphasize that such computations can not be performed directly
by applying any Tensor, Maple of Mathematica macros because, in our case, we consider
canonical d–connections instead of the Levi–Civita connection [23]. We give the details of
such calculus related to N–adapted anholonomic frames.
The five dimensional (5D) local coordinates are xi and ya = (v, y) , i. e. y4 = v, y5 = y,
were indices i, j, k... = 1, 2, 3 and a, b, c, ... = 4, 5. Our reductions to 4D will be considered
by excluding dependencies on the variable x1 and for trivial embeddings of 4D off–diagonal
ansatz into 5D ones. The signatures of metrics coud be arbitrary ones. In general, the
spacetime could be with torsion, but we shall always be interested to define the limits to
(pseudo) Riemannian spaces.
The d–metric (11) for an ansatz (63) with g1 = const, is written
δs2 = g1(dx
1)
2
+ g2
(
(x2, x3
)
(dx2)
2
+ g3
(
xk
)
(dx3)
2
+ h4
(
xk, v
)
(δv)2 + h5
(
xk, v
)
(δy)2,
δv = dv + wi
(
xk, v
)
dxi, δy = dy + ni
(
xk, v
)
dxi (109)
when the generic off–diagonal metric (62) is associated to a N–connection structure Nai
with N4i = wi
(
xk, v
)
and N5i = ni
(
xk, v
)
. We note that the metric (109) does not depend
on variable y5 = y, but emphasize the dependence on ”anisotropic” variable y4 = v.
If we regroup (109) with respect to true differentials duα = (dxi, dya) we obtain just
the ansatz (63). It is a cumbersome task to perform tensor calculations (for instance, of
curvature and Ricci tensors) with such generic off–diagonal ansatz but the formulas sim-
plify substantially with respect to N–adapted frames of type(6) and (7) and for effectively
diagonalized metrics like (109).
So, the metric (62) transform in a diagonal one with respect to the pentads (frames,
funfbeins)
ei = dxi, e4 = δv = dv + wi
(
xk, v
)
dxi, e5 = δy = dy + ni
(
xk, v
)
dxi (110)
or
δuα =
(
dxi, δya = dya +Nai dx
i
)
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being dual to the N–elongated partial derivative operators,
e1 = δ1 =
∂
∂x1
−Na1
∂
∂ya
=
∂
∂x1
− w1
∂
∂v
− n1
∂
∂y
, (111)
e2 = δ2 =
∂
∂x2
−Na2
∂
∂ya
=
∂
∂x2
− w2
∂
∂v
− n2
∂
∂y
,
e3 = δ3 =
∂
∂x3
−Na3
∂
∂ya
=
∂
∂x3
− w3
∂
∂v
− n3
∂
∂y
,
e4 =
∂
∂y4
=
∂
∂v
, e5 =
∂
∂y5
=
∂
∂y
when δα =
δ
∂uα
=
(
δ
∂xi
= ∂
∂xi
−Nai
∂
∂ya
, ∂
∂yb
)
.
The N–elongated partial derivatives of a function f (uα) = f (xi, ya) = f (x, r, v, y) are
computed in the formSo the N–elongated derivatives are
δ2f =
δf
∂u2
=
δf
∂x2
=
δf
∂x
=
∂f
∂x
−Na2
∂f
∂ya
=
∂f
∂x
− w2
∂f
∂v
− n2
∂f
∂y
= f • − w2 f
′ − n2 f
∗
where
f • =
∂f
∂x2
=
∂f
∂x
, f ′ =
∂f
∂x3
=
∂f
∂r
, f ∗ =
∂f
∂y4
=
∂f
∂v
.
The N–elongated differential is
δf =
δf
∂uα
δuα.
The N–elongated differential calculus should be applied if we work with respect to N–
adapted frames.
A.1 Calculation of N–connection curvature
We compute the coefficients (5) for the d–metric (109) (equivalently, the ansatz (63)) defin-
ing the curvature of N–connection Nai , by substituting N
4
i = wi
(
xk, v
)
and N5i = ni
(
xk, v
)
,
where i = 2, 3 and a = 4, 5. The result for nontrivial values is
Ω423 = −Ω
4
23 = w
′
2 − w
·
3 − w3w
∗
2 − w2w
∗
3, (112)
Ω523 = −Ω
5
23 = n
′
2 − n
·
3 − w3n
∗
2 − w2n
∗
3.
The canonical d–connection Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
(27) defines the covariant derivative
D̂, satisfying the metricity conditions D̂αgγδ = 0 for gγδ being the metric (109) with the
coefficients written with respect to N–adapted frames. Γ̂γαβ has nontrivial d–torsions.
We compute the Einstein tensors for the canonica d–connection Γ̂γαβ defined by the
ansatz (109) with respect to N–adapted frames (110) and (111). This results in exactly
integrable vacuum Einstein equations and certain type of sources. Such solutions could be
with nontrivial torsion for different classes of linear connections from Riemann–Cartan and
generalized Finsler geometries. So, the anholonomic frame method offers certain possibilites
to be extended to in string gravity where the torsion could be not zero. But we can
always select the limit to Levi–Civita connections, i. e. to (pseudo) Riemannian spaces by
considering additional constraints, see Corollary 3.3 and/or conditions (61).
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A.2 Calculation of the canonical d–connection
We compute the coefficients (27) for the d–metric (109) (equivalently, the ansatz (63)) when
gjk = {gj} and hbc = {hb} are diagonal and gik depend only on x
2 and x3 but not on ya.
We have
δkgij = ∂kgij − wkg
∗
ij = ∂kgij, δkhb = ∂khb − wkh
∗
b (113)
δkwi = ∂kwi − wkw
∗
i , δkni = ∂kni − wkn
∗
i
resulting in formulas
L̂ijk =
1
2
gir
(
δgjk
δxk
+
δgkr
δxj
−
δgjk
δxr
)
=
1
2
gir
(
∂gjk
δxk
+
∂gkr
δxj
−
∂gjk
δxr
)
The nontrivial values of L̂ijk are
L̂222 =
g•2
2g2
= α•2, L̂
2
23 =
g′2
2g2
= α
′
2, L̂
2
33 = −
g•3
2g2
(114)
L̂322 = −
g′2
2g3
, L̂323 =
g•3
2g3
= α•3, L̂
3
33 =
g′3
2g3
= α
′
3.
In a similar form we compute the components
L̂abk = ∂bN
a
k +
1
2
hac
(
∂khbc −N
d
k
∂hbc
∂yd
− hdc∂bN
d
k − hdb∂cN
d
k
)
having nontrivial values
L̂442 =
1
2h4
(h•4 − w2h
∗
4) = δ2 ln
√
|h4| + δ2β4, (115)
L̂443 =
1
2h4
(
h
′
4 − w3h
∗
4
)
= δ3 ln
√
|h4| + δ3β4
L̂45k = −
h5
2h4
n∗k, L̂
5
bk = ∂bnk +
1
2h5
(∂khb5 − wkh
∗
b5 − h5∂bnk) , (116)
L̂54k = n
∗
k +
1
2h5
(−h5n
∗
k) =
1
2
n∗k, (117)
L̂55k =
1
2h5
(∂kh5 − wkh
∗
5) = δk ln
√
|h4| = δkβ4.
We note that
Ĉ ijc =
1
2
gik
∂gjk
∂yc
+ 0 (118)
because gjk = gjk (x
i) for the considered ansatz.
The values
Ĉabc =
1
2
had
(
∂hbd
∂yc
+
∂hcd
∂yb
−
∂hbc
∂yd
)
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for hbd = [h4, h5] from the ansatz (63) have nontrivial components
Ĉ444 =
h∗4
2h4
+ β∗4 , Ĉ
4
55 = −
h∗5
2h4
, Ĉ545 =
h∗5
2h5
+ β∗5 . (119)
The set of formulas (114)–(119) define the nontrivial coefficients of the canonical d–
connection Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
(27) for the 5D ansatz (109).
A.3 Calculation of torsion coefficients
We should put the nontrivial values (114)– (119) into the formulas for d–torsion (29).
One holds T i.jk = 0 and T
a
.bc = 0, because of symmetry of coefficients L
i
jk and C
a
bc.
We have computed the nontrivial values of Ωa.ji, see (112) resulting in
T 423 = Ω
4
23 = −Ω
4
23 = w
′
2 − w
•
3 − w3w
∗
2 − w2w
∗
3, (120)
T 523 = Ω
5
23 = −Ω
5
23 = n
′
2 − n
•
3 − w3n
∗
2 − w2n
∗
3.
One follows
T ija = −T
i
aj = C
i
.ja = Ĉ
i
jc =
1
2
gik
∂gjk
∂yc
+ 0,
see (118).
For the components
T a.bi = −T
a
.ib = P
a
.bi =
∂Nai
∂yb
− La.bj,
i. e. for
P̂ 4.bi =
∂N4i
∂yb
− L̂4.bj = ∂bwi − L̂
4
.bj and P̂
5
.bi =
∂N5i
∂yb
− L̂5.bj = ∂bni − L̂
5
.bj,
we have the nontrivial values
P̂ 4.4i = w
∗
i −
1
2h4
(∂ih4 − wih
∗
4) = w
∗
i − δiβ4, P̂
4
.5i =
h5
2h4
n∗i ,
P̂ 5.4i =
1
2
n∗i , P̂
5
.5i = −
1
2h5
(∂ih5 − wih
∗
5) = −δiβ5. (121)
The formulas (120) and (121) state the nontrivial coefficients of the canonical d–
connection for the chosen ansatz (109).
A.4 Calculation of the Ricci tensor
Let us compute the value Rij = R
k
ijk as in (31) for
Rihjk =
δLi.hj
δxk
−
δLi.hk
δxj
+ Lm.hjL
i
mk − L
m
.hkL
i
mj − C
i
.haΩ
a
.jk,
from (30). It should be noted that C i.ha = 0 for the ansatz under consideration, see (118).
We compute
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δLi.hj
δxk
= ∂kL
i
.hj +N
a
k ∂aL
i
.hj = ∂kL
i
.hj + wk
(
Li.hj
)∗
= ∂kL
i
.hj
because Li.hj do not depend on variable y
4 = v.
Derivating (114), we obtain
∂2L
2
22 =
g••2
2g2
−
(g•2)
2
2 (g2)
2 , ∂2L
2
23 =
g•
′
2
2g2
−
g•2g
′
2
2 (g2)
2 , ∂2L
2
33 = −
g••3
2g2
+
g•2g
•
3
2 (g2)
2 ,
∂2L
3
22 = −
g•
′
2
2g3
+
g•2g
′
3
2 (g3)
2 , ∂2L
3
23 =
g••3
2g3
−
(g•3)
2
2 (g3)
2 , ∂2L
3
33 =
g•
′
3
2g3
−
g•3g
′
3
2 (g3)
2 ,
∂3L
2
22 =
g•
′
2
2g2
−
g•2g
′
2
2 (g2)
2 , ∂3L
2
23 =
gll2
2g2
−
(
gl2
)2
2 (g2)
2 , ∂3L
2
33 = −
g•
′
3
2g2
+
g•3g
′
2
2 (g2)
2 ,
∂3L
3
22 = −
g
′′
2
2g3
+
g•2g
′
2
2 (g3)
2 , ∂3L
3
23 =
g•
′
3
2g3
−
g•3g
′
3
2 (g3)
2 , ∂3L
3
33 =
gll3
2g3
−
(
gl3
)2
2 (g3)
2 .
For these values and (114), there are only 2 nontrivial components,
R2323 =
g••3
2g2
−
g•2g
•
3
4 (g2)
2 −
(g•3)
2
4g2g3
+
gll2
2g2
−
gl2g
l
3
4g2g3
−
(
gl2
)2
4 (g2)
2
R3223 = −
g••3
2g3
+
g•2g
•
3
4g2g3
+
(g•3)
2
4(g3)2
−
gll2
2g3
+
gl2g
l
3
4(g3)2
+
(
gl2
)2
4g2g3
with
R22 = −R
3
223 and R33 = R
2
323,
or
R22 = R
3
3 = −
1
2g2g3
[
g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g′′2 −
gl2g
l
3
2g3
−
(
gl2
)2
2g2
]
which is (64).
Now, we consider
P cbka =
∂Lc.bk
∂ya
−
(
∂Cc.ba
∂xk
+ Lc.dkC
d
.ba − L
d
.bkC
c
.da − L
d
.akC
c
.bd
)
+ Cc.bdP
d
.ka
=
∂Lc.bk
∂ya
− Cc.ba|k + C
c
.bdP
d
.ka
from (30). Contracting indices, we have
Rbk = P
a
bka =
∂La.bk
∂ya
− Ca.ba|k + C
a
.bdP
d
.ka
Let us denote Cb = C
c
.ba and write
C.b|k = δkCb − L
d
bkCd = ∂kCb −N
e
k∂eCb − L
d
bkCd = ∂kCb − wkC
∗
b − L
d
bkCd.
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We express
Rbk = [1]Rbk + [2]Rbk + [3]Rbk
where
[1]Rbk =
(
L4bk
)∗
,
[2]Rbk = −∂kCb + wkC
∗
b + L
d
bkCd,
[3]Rbk = C
a
.bdP
d
.ka = C
4
.b4P
4
.k4 + C
4
.b5P
5
.k4 + C
5
.b4P
4
.k5 + C
5
.b5P
5
.k5
and
C4 = C
4
44 + C
5
45 =
h∗4
2h4
+
h∗5
2h5
= β∗4 + β
∗
5 , (122)
C5 = C
4
54 + C
5
55 = 0
see(119) .
We compute
R4k = [1]R4k + [2]R4k + [3]R4k
with
[1]R4k =
(
L44k
)∗
= (δkβ4)
∗
[2]R4k = −∂kC4 + wkC
∗
4 + L
4
4kC4, L
4
4k = δkβ4 see (115
= −∂k (β
∗
4 + β
∗
5) + wk (β
∗
4 + β
∗
5)
∗ + L44k (β
∗
4 + β
∗
5)
[3]R4k = C
4
.44P
4
.k4 + C
4
.45P
5
.k4 + C
5
.44P
4
.k5 + C
5
.45P
5
.k5
= β∗4 (w
∗
k − δkβ4)− β
∗
5δkβ5
Summarizing, we get
R4k = wk
[
β∗∗5 + (β
∗
5)
2 − β∗4β
∗
5
]
+ β∗5∂k (β4 + β5)− ∂kβ
∗
5
or, for
β∗4 =
h∗4
2h4
, ∂kβ4 =
∂kh4
2h4
, β∗5 =
h∗5
2h5
, β∗∗5 =
h∗∗5 h5 − (h
∗
5)
2
2 (h5)
5 ,
we can write
2h5R4k = wk
[
h∗∗5 −
(h∗5)
2
2h5
−
h∗4h
∗
5
2h4
]
+
h∗5
2
(
∂kh4
h4
+
∂kh5
h5
)
− ∂kh
∗
5
which is equivalent to (66)
In a similar way, we compute
R5k = [1]R5k + [2]R5k + [3]R5k
with
[1]R5k =
(
L45k
)∗
,
[2]R5k = −∂kC5 + wkC
∗
5 + L
4
5kC4,
[3]R5k = C
4
.54P
4
.k4 + C
4
.55P
5
.k4 + C
5
.54P
4
.k5 + C
5
.55P
5
.k5.
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We have
R5k =
(
L45k
)∗
+ L45kC4 + C
4
.55P
5
.k4 + C
5
.54P
4
.k5
=
(
−
h5
h4
n∗k
)∗
−
h5
h4
n∗k
(
h∗4
2h4
+
h∗5
2h5
)
+
h∗5
2h5
h5
2h4
n∗k −
h∗5
2h4
1
2
n∗k
which can be written
2h4R5k = h5n
∗∗
k +
(
h5
h4
h∗4 −
3
2
h∗5
)
n∗k
i. e. (67)
For the values
P ijka =
∂Li.jk
∂yk
−
(
∂C i.ja
∂xk
+ Li.lkC
l
.ja − L
l
.jkC
i
.la − L
c
.akC
i
.jc
)
+ C i.jbP
b
.ka
from (30), we obtain zeros because C i.jb = 0 and L
i
.jk do not depend on y
k. So,
Rja = P
i
jia = 0.
Taking
Sabcd =
∂Ca.bc
∂yd
−
∂Ca.bd
∂yc
+ Ce.bcC
a
.ed − C
e
.bdC
a
.ec.
from (30) and contracting the indices in order to obtain the Ricci coefficients,
Rbc =
∂Cd.bc
∂yd
−
∂Cd.bd
∂yc
+ Ce.bcC
d
.ed − C
e
.bdC
d
.ec
with Cd.bd = Cb already computed, see (122), we obtain
Rbc =
(
C4.bc
)∗
− ∂cCb + C
4
.bcC4 − C
4
.b4C
4
.4c − C
4
.b5C
5
.4c − C
5
.b4C
4
.5c − C
5
.b5C
5
.5c.
There are nontrivial values,
R44 =
(
C4.44
)∗
− C∗4 + C
4
44(C4 − C
4
44)−
(
C5.45
)2
= β∗∗4 − (β
∗
4 + β
∗
5)
∗ + β∗4 (β
∗
4 + β
∗
5 − β
∗
4)− (β
∗
5)
∗
R55 =
(
C4.55
)∗
− C4.55
(
−C4 + 2C
5
.45
)
= −
(
h∗5
2h4
)∗
+
h∗5
2h4
(2β∗5 + β
∗
4 − β
∗
5)
Introducing
β∗4 =
h∗4
2h4
, β∗5 =
h∗5
2h5
we get
R44 = R
5
5 =
1
2h4h5
[
−h∗∗5 +
(h∗5)
2
2h5
+
h∗4h
∗
5
2h4
]
which is just (65).
Theorem 4.1 is proven.
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B Reductions from 5D to 4D
To construct a 5D → 4D reduction for the ansatz (63) and (4) is to eliminate from formulas
the variable x1 and to consider a 4D space (parametrized by local coordinates (x2, x3, v, y5))
being trivially embedded into 5D space (parametrized by local coordinates (x1, x2, x3, v, y5)
with g11 = ±1, g1α̂ = 0, α̂ = 2, 3, 4, 5) with possible 4D conformal and anholonomic trans-
forms depending only on variables (x2, x3, v) . We suppose that the 4D metric gα̂β̂ could be
of arbitrary signature. In order to emphasize that some coordinates are stated just for a
such 4D space we put ”hats” on the Greek indices, α̂, β̂, ... and on the Latin indices from
the middle of alphabet, î, ĵ, ... = 2, 3, where uα̂ =
(
x̂i, ya
)
= (x2, x3, y4, y5) .
In result, the Theorems 4.1 and 4.2, Corollaries 4.1 and 4.2 and Theorem 4.3 can be
reformulated for 4D gravity with mixed holonomic–anholonomic variables. We outline here
the most important properties of a such reduction.
• The metric (62) with ansatz (63) and metric (69) with (4) are respectively transformed
on 4D spaces to the values:
The first type 4D off–diagonal metric is taken
g = gα̂β̂
(
x̂i, v
)
duα̂ ⊗ duβ̂ (123)
with the metric coefficients gα̂β̂ parametrized
g2 + w
2
2 h4 + n
2
2 h5 w2w3h4 + n2n3h5 w2h4 n2h5
w2w3h4 + n2n3h5 g3 + w
2
3 h4 + n
2
3 h5 w3h4 n3h5
w2h4 w3h4 h4 0
n2h5 n3h5 0 h5
 , (124)
where the coefficients are some necessary smoothly class functions of type:
g2,3 = g2,3(x
2, x3), h4,5 = h4,5(x
k̂, v),
wî = wî(x
k̂, v), nî = nî(x
k̂, v); î, k̂ = 2, 3.
The anholonomically and conformally transformed 4D off–diagonal metric is
g = ω2(x̂i, v)gˆα̂β̂
(
x̂i, v
)
duα̂ ⊗ duβ̂, (125)
were the coefficients gˆα̂β̂ are parametrized by the ansatz
g2 + (w
2
2 + ζ
2
2 )h4 + n
2
2 h5 (w2w3 ++ζ2ζ3)h4 + n2n3h5 (w2 + ζ2)h4 n2h5
(w2w3 ++ζ2ζ3)h4 + n2n3h5 g3 + (w
2
3 + ζ
2
3 )h4 + n
2
3 h5 (w3 + ζ3)h4 n3h5
(w2 + ζ2)h4 (w3 + ζ3)h4 h4 0
n2h5 n3h5 0 h5 + ζ5h4

(126)
where ζ̂i = ζ̂i
(
xk̂, v
)
and we shall restrict our considerations for ζ5 = 0.
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• We obtain a quadratic line element
δs2 = g2(dx
2)2 + g3(dx
3)2 + h4(δv)
2 + h5(δy
5)2, (127)
written with respect to the anholonomic co–frame
(
dx̂i, δv, δy5
)
, where
δv = dv + wîdx̂
i and δy5 = dy5 + nîdx̂
i (128)
is the dual of (δ̂i, ∂4, ∂5) , where
δ̂i = ∂̂i + wî∂4 + nî∂5. (129)
• If the conditions of the 4D variant of the Theorem 4.1 are satisfied, we have the
same equations (76) –(79) were we substitute h4 = h4
(
xk̂, v
)
and h5 = h5
(
xk̂, v
)
.
As a consequence we have αi
(
xk, v
)
→ αî
(
xk̂, v
)
, β = β
(
xk̂, v
)
and γ = γ
(
xk̂, v
)
resulting in wî = wî
(
xk̂, v
)
and nî = nî
(
xk̂, v
)
.
• The 4D line element with conformal factor (127) subjected to an anhlonomic map
with ζ5 = 0 transforms into
δs2 = ω2(x̂i, v)[g2(dx
2)2 + g3(dx
3)2 + h4(δˆv)
2 + h5(δy
5)2], (130)
given with respect to the anholonomic co–frame
(
dx̂i, δˆv, δy5
)
, where
δv = dv + (wî + ζ̂i)dx̂
i and δy5 = dy5 + nîdx̂
i (131)
is dual to the frame
(
δˆ̂i, ∂4, ∂ˆ5
)
with
δˆ̂i = ∂̂i − (wî + ζ̂i)∂4 + nî∂5, ∂ˆ5 = ∂5. (132)
• The formulas (71) and (73) from Theorem 4.2 must be modified into a 4D form
δˆ̂ih4 = 0 and δˆ̂iω = 0 (133)
and the values ζ˜i = (ζ î, ζ5 = 0) are found as to be a unique solution of (71); for
instance, if
ωq1/q2 = h4 (q1 and q2 are integers),
ζ̂i satisfy the equations
∂̂iω − (wî + ζ̂i)ω
∗ = 0. (134)
• One holds the same formulas (83)-(88) from the Theorem 4.3 on the general form
of exact solutions with that difference that their 4D analogs are to be obtained by
reductions of holonomic indices, î → i, and holonomic coordinates, xi → x̂i, i. e. in
the 4D solutions there is not contained the variable x1.
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• The formulae (74) for the nontrivial coefficients of the Einstein tensor in 4D stated
by the Corollary 4.1 are written
G22 = G
3
3 = −S
4
4 , G
4
4 = G
5
5 = −R
2
2. (135)
• For symmetries of the Einstein tensor (135), we can introduce a matter field source
with a diagonal energy momentum tensor, like it is stated in the Corollary 4.2 by the
conditions (75), which in 4D are transformed into
Υ22 = Υ
3
3 = Υ2(x
2, x3, v), Υ44 = Υ
5
5 = Υ4(x
2, x3). (136)
The 4D dimensional off–diagonal ansatz may model certain generalized Lagrange con-
figurations and Lagrange–affine solutions. They can also include certain 3D Finsler or
Lagrange metrics but with 2D frame transforms of the corresponding quadratic forms and
N–connections.
C Generalized Lagrange–Affine Spaces
We outline and give a brief characterization of five classes of generalized Finsler–affine
spaces (contained in the Table 1 from Ref. [6]; see also in that work the details on classifi-
cation of such geometries). We note that the N–connection curvature is computed following
the formula Ωaij = δ[iN
a
j], see (5), for any N–connection N
a
i . A d–connection D = [Γ
α
βγ ] =
[Li jk, L
a
bk, C
i
jc, C
a
bc] defines nontrivial d–torsions T
α
βγ = [L
i
[ jk], C
i
ja,Ω
a
ij , T
a
bj , C
a
[bc]] and d–
curvatures Rαβγτ = [R
i
jkl, R
a
bkl, P
i
jka, P
c
bka, S
i
jbc, S
a
dbc] adapted to the N–connection struc-
ture (see, respectively, the formulas (29) and (30)). Any generic off–diagonal metric gαβ
is associated to a N–connection structure and reprezented as a d–metric gαβ = [gij, hab]
(see formula (11)). The components of a N–connection and a d–metric define the canonical
d–connection D = [Γ̂αβγ ] = [L̂
i
jk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc] (see (27)) with the corresponding values of
d–torsions T̂αβγ and d–curvatures R̂
α
βγτ . The nonmetricity d–fields are computed by using
formula Qαβγ = −Dαgβγ = [Qijk, Qiab, Qajk, Qabc], see (13).
The Table 1 outlines five classes of geometries modeled in the framework of metric–affine
geometry as spaces with nontrivial N–connection structure (for simplicity, we omitted the
Berwald configurations, see Ref. [6]).
1. Metric–affine spaces (in brief, MA) are those stated as certain manifolds V n+m of
necessary smoothly class provided with arbitrary metric, gαβ, and linear connection,
Γαβγ, structures. For generic off–diagonal metrics, a MA space always admits nontrivial
N–connection structures. Nevertheless, in general, only the metric field gαβ can be
transformed into a d–metric one gαβ = [gij, hab], but Γ
α
βγ can be not adapted to the N–
connection structure. As a consequence, the general strength fields
(
T αβγ , R
α
βγτ , Qαβγ
)
can be also not N–adapted.
2. Distinguished metric–affine spaces (DMA) are defined as manifolds Vn+m provided
with N–connection structure Nai , d–metric field (11) and arbitrary d–connection Γ
α
βγ .
In this case, all strenghs
(
Tαβγ,R
α
βγτ ,Qαβγ
)
are N–adapted.
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3. Generalized Lagrange–affine spaces (GLA), GLan = (V n, gij(x, y),
[a]Γαβ) , are mod-
eled as distinguished metric–affine spaces of odd–dimension, Vn+n, provided with
generic off–diagonal metrics with associated N–connection inducing a tangent bundle
structure. The d–metric g[a] and the d–connection
[a]Γ
γ
αβ =
(
[a]Lijk,
[a]C ijc
)
are
similar to those for the usual Lagrange spaces but with distorsions [a] Zα β inducing
general nontrivial nonmetricity d–fields [a]Qαβγ.
4. Lagrange–affine spaces (LA), Lan = (V n, g
[L]
ij (x, y),
[b]Γαβ), are provided with a
Lagrange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
inducing the canonical N–connection
structure [cL]N = { [cL]N ij} for a Lagrange space L
n = (V n, gij(x, y)) but with a
d–connection structure [b]Γγ α =
[b]Γ
γ
αβϑ
β distorted by arbitrary torsion, Tβ, and
nonmetricity d–fields, Qβγα, when
[b]Γαβ =
[L]Γ̂αβ +
[b] Zα β . This is a particular case
of GLA spaces with prescribed types of N–connection [cL]N ij and d–metric to be like
in Lagrange geometry.
5. Finsler–affine spaces (FA), Fan =
(
V n, F (x, y) , [f ]Γαβ
)
, in their turn are introduced
by further restrictions of Lan to a quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
constructed from a
Finsler metric F (xi, yj) . It is induced the canonical N–connection structure [F ]N =
{ [F ]N ij} as in the Finsler space F
n = (V n, F (x, y)) but with a d–connection structure
[f ]Γ
γ
αβ distorted by arbitrary torsion, T
α
βγ , and nonmetricity, Qβγτ , d–fields,
[f ]Γαβ =
[F ]Γ̂αβ +
[f ] Zα β,where
[F ]Γ̂αβγ is the canonical Finsler d–connection.
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MA
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij, hab]
Γαβγ
T αβγ
Rαβγτ
Qαβγ
2. DMA
Nai ,Ω
a
ij
gαβ = [gij , hab]
Γαβγ
Tαβγ
Rαβγτ
Qαβγ
3. GLA
dim i = dim a
Nai ,Ω
a
ij
off.d.m. gαβ,
g[a] = [gij , hkl]
[a]Γ
γ
αβ
[a]Tαβγ
[a]Rαβγτ
[a]Qαβγ
4. LA
dim i = dim a
[cL]N ij ,
[cL]Ωaij
d–metr.g
[L]
αβ
[b]Γ
γ
αβ
[b]Tαβγ
[b]Rαβγτ
[b]Qαβγ = −
[b]Dαg
[L]
βγ
5. FA
dim i = dim a
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ
[f ]Γ
γ
αβ
[f ]Tαβγ
[f ]Rαβγτ
[f ]Qαβγ = −
[f ]Dαg
[F ]
βγ
Table 1: Generalized Finsler/Lagrange–affine spaces
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